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R E S U M O

No presente trabalho apresentamos os resultados relacionados ao modelo matemático

que descreve a invasão de células tumorais no tecido circundante. O modelo consiste

em um sistema de equações diferenciais parciais e focana interação entre as células

tumorais e o tecido circundante. Para analisar as soluções do sistema, aplicamos a teoria

de Simetrias de Lie. Como resultado, apresentamos todos os geradores associados

ao grupo de transformações, algumas soluções invariantes encontradas e a análise

biológica de soluções particulares.

Palavras-chave: Câncer, Simetrias de Lie, Modelo matemático.
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A B S T R AC T

In this work we present results related to a mathematical model describing the invasion

of tumor cells in a host tissue. The model consists of a system of partial differential

equations and focuses on the interaction among tumor cells and the host tissue. In

order to analyze the system solutions, we apply the theory of Lie symmetries. As a

result, we present all generators from the associated group of transformation and some

invariant solutions that were found and the biological analysis of particular solutions.

Keywords: Cancer, Lie symmetries, Mathematical model.
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1 I N T RO D U C T I O N

Noncommunicable diseases (NCDs), also known as chronic diseases, are responsible

for killing approximately 41 million people each year according to the World Health

Organization ( WHO) [19]. Although those diseases are frequently associated only with

ageing, evidence has shown that nearly 17 million of them are considered premature

and disproportionately occur in the poorest countries.

NCDs usually result in long-term health consequences and often require a long-term

treatment, typically caused by unhealthy behaviours, but can also result from a combina-

tion of genetic, physiological and environmental factors. The International Federation of

Red Cross and Red Crescent Societies (IFRC), the world's largest humanitarian network,

states cardiovascular diseases, chronic respiratory diseases, diabetes and cancers as

responsible for over two thirds of deaths globally, being the latter one as the second

leading cause [17].

WHO also estimates that between30%to 50%of all cancers can currently be prevented

by avoiding risk factors and implementing prevention strategies [ 19]. Furthermore,

early detection of cancer and appropriate treatment and care of patients who develop

cancer minimize its burden. Towards that way, knowing and understanding how cancer

spreads is crucial for the global �ght against it.

Due to the importance of analyzing the spread of cancer, many models have been

developed with different approaches focusing on a variety of cancer types and stages

([1, 2, 3, 4, 5, 9, 13, 22]).

As in as [3], this thesis focuses on the avascular stage of a solid tumour modelling

the interaction among cancer cells, the extracellular matrix and the matrix-degrading

enzyme using a system of partial differential equations. Mainly we use a generalization

of the system in [3] and resolve it analytically.

One of the ways to �nd solutions to differential equation is by Lie symmetries

[7]. Lie's theory chie�y treats Lie groups of point symmetries, which are completely

characterized by in�nitesimal generators and by them we are able to construct solutions
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2 introduction

of partial differential equations. All the details on how to develop these solutions and

what conditions to verify and assume are presented in the following chapters.

As far as we know, only [ 8] and [9] found analytical solutions for this kind of model,

also using Lie symmetries, but for a system with 3 independent variables and constant

diffusions.

In this thesis we propose a generalization of the model in [ 3] and analyze some

solutions found by Lie symmetries. This work is divided into six chapters. Chapter 2

presents basic facts about cancer, its growing and spreading dynamic, a few data related

to it and the mathematical model to be studied. In chapter 3 we show a summary

of the applied theory with examples strictly constructed from the results obtained in

the present work. We carry out in chapter 4 a complete group classi�cation of the

Lie point symmetries of the system proposed. In chapter 5 we obtain and proceed

an in-depth analysis of some invariant solutions of the model. In the last chapter we

present concluding remarks about the results and future perspectives related to it.



2 C A N C E R

Worldwide, chronic diseases are responsible for almost 70% of all deaths, according to

the WHO, which includes cancer as the second leading cause, estimated to account for

9.6 million deaths in 2018 and over 10 million in 2020.

Cancer is the name given to a set of more than 200 diseases having in common a

disordered growth of cells, invading tissues and organs [ 11], see Figure1 1.

Figure 1: Emergence of tumour cells.

Source: ©Cancer Research UK [2002] All right reserved. Information taken 08/ 03/ 20.

https://www.cancerresearchuk.org.

These diseases can be classi�ed according to the locus they start in the body, such

as breast cancer or prostate cancer, known as primary tumour [26]. We can also group

cancer according to the type of cell they start in. There are 5 main groups:

• carcinoma: begins in the skin or in tissues that line or cover internal organs. There

are different subtypes, including adenocarcinoma, basal cell carcinoma, squamous

cell carcinoma and transitional cell carcinoma;

• sarcoma: begins in the connective or supportive tissues such as bone, cartilage, fat,

muscle or blood vessels;

• lymphoma and myeloma: begin in the cells of the immune system;

1 Cancer Research UK is independent from our organisation and a source of trusted information for all.
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4 cancer

• leukaemia: this is a cancer of the white blood cells. It starts in the tissues that

make blood cells such as the bone marrow;

• brain and spinal cord cancers: known as central nervous system cancers.

Growing abnormally, cells can evolve to a tumour mass which can be classi�ed as

benign or malignant, the latter one known as cancer. According to [ 8], among all cancer

types, solid tumours cause 80% of all deaths and their growth occur in two different

stages: avascular and vascular. Cancer can sometimes spread to other parts of the body

– this is called a secondary tumour or a metastasis, which is an important stage to

analyse from a biological point of view although the avascular stage is the focus of our

study and it will be explained in detail in the following section.

2.1 cancer growing and spreading

As all our body cells, cancer cells continue to grow encapsulated within a membrane

called basement membrane. As we can see in Figure 2 2, as cancer cells grow, the blood

vessels get further away, and because of their need for nutrients and oxygen to live,

these cells send out signals to trigger the growth of new blood vessels, called capillaries,

within the tumour, culminating in a process known as angiogenesis.

Figure 2: Growing of tumour cells.

Source: ©Cancer Research UK [2002] All right reserved. Information taken 08/ 01/ 22.

https://www.cancerresearchuk.org.

2 Cancer Research UK is independent from our organisation and a source of trusted information for all.



2.1 cancer growing and spreading 5

Now with a blood supply of their own, cancer cells can grow even bigger and

throughout some blood vessels or the lymphatic system. They can spread and become

new tumours themselves. This may occur due to tumour cells behavior that, unlike

health body cells, tends to produce substances which stimulate their movement and the

breaking of the membrane that contains them, as illustrated in Figure 3 3, culminating

at the vascular stage.

Figure 3: Spreading of tumour cells.

Source: ©Cancer Research UK [2002] All right reserved. Information taken 08/ 01/ 22.

https://www.cancerresearchuk.org.

Although this process may seem fruitful and easily executed, actually it is a compli-

cated roll of steps where many cancer cells die during its evolution.

It is known that tumours can spread into some tissues more easily than others, which

may be related to how circulatory system works, as succinctly represented in Figure 44.

3 Cancer Research UK is independent from our organisation and a source of trusted information for all.
4 Cancer Research UK is independent from our organisation and a source of trusted information for all.



6 cancer

Figure 4: Blood path in circulatory system succinctly represented.

Source: ©Cancer Research UK [2002] All right reserved. Information taken 08/ 02/ 22.

https://www.cancerresearchuk.org.

For instance, cancers of the large bowel often spread to the liver, which may happen

since blood circulates from the bowel through the liver on its way back to the heart.

2.2 data

Each year, approximately 400.000children aged 19 or younger develop cancer world-

wide. The most common cancers vary between countries, but leukemia leads the

occurrences in Figure 55.

5 The designations employed and the presentation of the material in this publication do not imply the

expression of any opinion whatsoever on the part of the World Health Organization / International

Agency for Research on Cancer concerning the legal status of any country, territory, city or area or of its

authorities, or concerning the delimitation of its frontiers or boundaries. Dotted and dashed lines on

maps represent approximate borderlines for which there may not yet be full agreement.



2.2 data 7

Figure 5: Top cancer per country, estimated age-standardized incidence rates in 2020, both sexes,

ages0-19.

Source: ©International Agency for Research on Cancer. All rights reserved. Map produced by

GLOBOCAN 2020. https://gco.iarc.fr/today/home. Information taken 20 apr. 22.

Figure 6: Top cancer per country, estimated age-standardized incidence rates in 2020, females,

all ages.

Source: Source: ©International Agency for Research on Cancer. All rights reserved. Map

produced by GLOBOCAN 2020. https://gco.iarc.fr/today/home. Information taken 18 nov. 21.
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Figures 6 and 7 6 show the most common cancer in 2020 in each country and the

most deadly one, respectively, considering females without age range.

Figure 7: Top cancer per country, estimated age-standardized mortality rates in 2020, females,

all ages.

Source: Source: ©International Agency for Research on Cancer. All rights reserved. Map

produced by GLOBOCAN 2020. https://gco.iarc.fr/today/home. Information taken 18 nov. 21.

Figures 8 and 9 6 present the same date but about males, also in 2020.

Comparing both genres we can observe that breast, prostate, lung and cervix uteri

cancers represent the majority rates of incidence and mortality in 2020.

"The incidence of cancer rises dramatically with age, most likely due to a

build-up of risks for speci�c cancers that increase with age. The overall risk

accumulation is combined with the tendency for cellular repair mechanisms to

be less effective as a person grows older." [19, inicial page].

6 The designations employed and the presentation of the material in this publication do not imply the

expression of any opinion whatsoever on the part of the World Health Organization / International

Agency for Research on Cancer concerning the legal status of any country, territory, city or area or of its

authorities, or concerning the delimitation of its frontiers or boundaries. Dotted and dashed lines on

maps represent approximate borderlines for which there may not yet be full agreement.



2.2 data 9

Figure 8: Top cancer per country, estimated age-standardized incidence rates in 2020, males, all

ages.

Source: Source: ©International Agency for Research on Cancer. All rights reserved. Map

produced by GLOBOCAN 2020. https://gco.iarc.fr/today/home. Information taken 18 nov. 21.

Figure 9: Top cancer per country, estimated age-standardized mortality rates in 2020, males, all

ages.

Source: Source: ©International Agency for Research on Cancer. All rights reserved. Map

produced by GLOBOCAN 2020. https://gco.iarc.fr/today/home. Information taken 18 nov. 21.
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Figures 10and 117 combined with the aforementioned information lead us to conclude

that countries with higher life expectancy tend to have a higher rate of elderly people

dying from cancer than other countries, simply because they have a greater number of

elderly people among their inhabitants.

Figure 10: Estimated age-standardized mortality rates in 2020, all cancers, both sexes, all ages.

Source: Source: ©International Agency for Research on Cancer. All rights reserved. Map

produced by GLOBOCAN 2020. https://gco.iarc.fr/today/home. Information taken 20 apr. 22.

Considering Figure 11, we can observe that young people, who have fewer risk factors

for developing cancer such as smoking for many years or having lower immunity due to

age and other diseases, are more likely to die from cancer in the poorest countries. This

is probably due to the low investment in health, since there is a high cost of treatment,

such as hospital facilities and medicines. Thus, cancer also exposes a worldwide social

problem.

7 The designations employed and the presentation of the material in this publication do not imply the

expression of any opinion whatsoever on the part of the World Health Organization / International

Agency for Research on Cancer concerning the legal status of any country, territory, city or area or of its

authorities, or concerning the delimitation of its frontiers or boundaries. Dotted and dashed lines on

maps represent approximate borderlines for which there may not yet be full agreement.
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