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If error is corrected whenever it is recognised,

the path of error is the path of truth.

Hans Reichenbach
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RESUMO

Nos tltimos duzentos anos houve muitas inovagdes nas comunica¢des que ajudaram
as pessoas no mundo todo a se conectar. Porém, ainda lidamos com o problema
fundamental da comunicacdo, reproduzir num ponto exatamente ou aproximadamente
a mensagem enviada desde outro ponto. Deste problema, novos ramos da matematica
foram criados, tais como a Teoria de Cédigos e a Teoria da Informacéo.

Na primeira parte desta tese estudamos "cédigos nilpotentes” e tratamos do problema
da equivaléncia entre cédigos. Além disso, damos condi¢bes para a equivaléncia
monomial entre cédigos numa algebra de grupo; em particular para cédigos ciclicos.
No caso dos cédigos minimais nilpotentes é dada uma condigdo suficiente para serem
equivalentes por permutagdo a cédigos abelianos.

A segunda parte é dedicada a apresentar um método diferente para computar o
numero de componentes simples de uma algebra de grupo "twisted". Além disso,
calculamos os idempotentes centrais primitivos de uma &lgebra de grupo "twisted"
de um grupo ciclico e, na tltima parte, damos um exemplo de idempotentes de uma

algebra de grupo "twisted".

Palavras-chave: Teoria de Cédigos, Algebras de Grupo, Algebras de Grupo Twisted,
Codigos Constaciclicos.
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ABSTRACT

In two hundred years many innovations in communication have helped people all
over the globe to connect. However, we still deal with the fundamental problem of
communication, reproducing at one point either exactly or approximately a message
send from another point. From this problem, new branches of mathematics were created,
such as Coding Theory and Information Theory.

In the first part of this thesis, we study "nilpotent codes" and approach the problem of
permutation equivalence between codes. In addition, we give conditions for monomial
equivalence between codes in a group algebra; in particular to cyclic codes. In the
case of minimal nilpotent codes a sufficient codition is given for being permutation
equivalent to abelian codes.

The second part is devoted to present a different method of computing the number of
simple components of a twisted group algebra. In addition, we compute the centrally
primitive idempotents of the twisted group algebras of a cyclic group and in the last

part we provide an example of idempotents in twisted group algebras.

Keywords: Coding Theory, Group Algebras, Twisted Group Algebras, Constacyclic
Codes.
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INTRODUCTION

Communication is an essential part of life and along the centuries many inventions
enabled people to get their messages through. Nowadays, we use inventions such as
cell phones, internet, email, wearable technology, virtual reality and mobile network
to connect with the world in the blink of an eye. However, we expect not just to send
and receive messages instantaneously, but achieve a reliable data transmission. For
this reason of “doing things right”, R. W. Hamming in 1947 established the modern
theory of error-correcting codes by giving a method of constructing efficient codes,
even though the first mention of the modern approach to codes and the Hamming’s
method appears in the paper “A Mathematical Theory of Communication” [45] by C. E.
Shannon in 1948, which is the genesis of Information theory.

In his article, Shannon proved that ‘good” error correcting codes exist, but his proof
gave no hints on how to construct them. In 1949, M. Golay generalize the (7,4)-code
presented in Shannon’s article to all other Hamming codes, prompting a dispute over
the actual creator of this family of codes. Golay invented four additional codes, of which
two are perfect codes. One of these, a tertiary (23,12)-code denoted Gp3 introduces a
non-binary code in the literature and Cocke, a decade later, introduced codes in the
case where the symbols are taken from an arbitrary finite field.

In 1950, due to patent delays, Hamming in [19] created codes that enabled computers
to correct occurring error in transmissions and, as we said before, establish the modern
theory of error correcting codes. In his paper, Hamming defines the concept of sys-
tematic codes, parity check, Hamming distance, equivalent codes and apply concepts
of linear algebra and metric topology in the theory of error correcting codes. It is
worth mentioning that the notion of equivalence of codes was explored by Fontaine
and Prange in 1959 by considering codes as vector spaces and using the concept of
“combinatorial equivalence” of matrices defined by Tucker [48].

In 1957, E. Prange was the first person to study an important class of codes, the
cyclic codes [38] and in [34] W. W. Peterson and D. T. Brown introduced cyclic codes
from a new viewpoint, the well-known algebraic description of cyclic codes as ideals

in the algebra of polynomials modulo X" — 1. In the same year, H. E. Mattson and
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G. Solomon [27] obtain a new class of codes, the pseudo-cyclic codes, by associating
every code word of odd length p with a certain polynomial. Later on, the pseudo-
cyclic codes were defined as ideals in the algebra of polynomials modulo some monic
polynomial f(X) € F[X] (See [35]). Constacyclic codes were defined by Berlekamp [2]
as a particular case of pseudo-cyclic codes, when f(X) is a binomial. Constacyclic codes

are an extension of cyclic and negacyclic codes, which were introduced by E. Berlekamp

[3].

Blake started to study cyclic codes over Z,, in 1972 and presented generalized notions
of Hamming codes, Reed-Solomon codes and BCH codes over arbitrary integer residue
rings [6]. Spiegel in [17] continued this work, concentrating on BCH codes involving
group algebras over rings of p-adic integers. Shankar [44] considered BCH codes over
integer residue rings as well, but started with monic divisors of X" — 1 in R[X] used as

generator polynomials for these codes.

Slepian [46] introduced the theory of group codes, considering sequences of binary
digits as elements of a group. In 1967, generalizing the study of cyclic codes, the russian
mathematician S. D. Berman [5] introduced the abelian codes, a more general class of
codes using the concept of group algebra. In this paper, Berman proved that the well
known Reed-Muller codes over GF(2) are also a particular case of abelian codes and
used the methods of the finite group representations theory to study of abelian codes.
Afterwards, the Generalized Reed-Muller codes were described by Chapin [9] as ideals
in abelian group algebras over GF(p) and by Landrock and Manz [24] as abelian group

algebras over GF(q), where p is a rational prime integer and g is a power of a prime.

In 2009, Bernal, Del Rio and Simén obtained a criterion to decide when a linear code
is a group code and as an application they provided a family of groups for which every
two-sided group code is an abelian group code. They also proved that Reed-Solomon
codes are cyclic, the parity check extensions of Reed-Solomon codes are elementary

abelian group codes and determine the Cauchy codes which are left group codes.

In the same paper [4], they introduced the concept of an abelian decomposition for
an arbitrary group G, and showed that if G has an abelian decomposition then every
G-code is an abelian code. So, some natural questions arise: under which conditions
a G-code is an abelian code? A cyclic code? When all minimal G-codes are abelian?
When G is nilpotent, do there exist G-codes which are not equivalent to an abelian

code? Some counterexamples to the last question were provided by [30], [31] and [36].
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In this thesis we shall approach the other questions and explore in more details the
nilpotent case. In addition, we will study codes that are actually better than cyclic and
abelian codes, the constacyclic codes.

In the first chapter we provide the definitions of nilpotent groups, permutation
groups and cohomology of groups. In addition, we cover all the background on crossed
product, group rings and codes that will be needed in the rest of this thesis.

The next two chapters contains the actual work of the author. In Chapter 2 we shall
study essential idempotents which were introduced by G. Chalom, R. Ferraz and C.
Polcino [8] in order to provide non repetition codes, since repetition codes have bad
performance and low rate of transmission. Furthermore, we will present conditions for
monomial equivalence between codes in a group algebra and cyclic codes. Finally, in the
two last sections, we shall study permutation equivalence between minimal nilpotent
codes and abelian codes and provide some computations considerations.

Chapter 3 contains results about constacyclic codes when these are considered as
ideals in a twisted group algebra or ideals in the algebra of polynomials modulo X" — A.
In the first section we present a different method of computing the number of simple
components of a twisted group algebra. Then, we determine necessary and sufficient
conditions for the set of minimal idempotents of the twisted group algebra F”G to
coincide with the set of minimal idempotents of a subalgebra which is group algebra.
Finally, in the last section, we show how to compute the minimal idempotents in twisted

group algebras by providing an example.
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PRELIMINARIES

In this chapter we gather the needed background. We introduce notation and conven-
tions which will be used throughout this thesis. In most cases we do not provide a

proof, but we give classical references where it can be found.

1.1 SOLVABLE AND NILPOTENT GROUPS

Let G be a group. A normal series for G is a chain of subgroups
G=G1 DG D---DG, ={1}

in which G;11 < G;, 1 <i <r — 1. The factors of the normal series are the factor groups
G1/Ga, -+ ,Gy_1/G,. We say that G is solvable if G has a normal series in which all of

the factor groups are abelian.
Theorem 1.1.1. [37, p.29]
1. Subgroups of solvable groups are solvable.
2. Homomorphic images of solvable groups are solvable.
3. If H <0G is such that both H and G/ H are solvable, then G is also solvable.

We say that H is a minimal normal subgroup of G if H << G and between H and the
identity subgroup there are no other normal subgroup of G.

The (ascending) central series of a finite group G is the sequence of subgroups
{1}220C21CZZC"'

where Z;, is the uniquely determined normal subgroup of G such that Z;,/Z; is the
center of G/ Z;. We call G nilpotent if G = Z, for some n.

Lemma 1.1.2. [37, Lemma 1.5.12] Subgroups and factor groups of nilpotent groups are nilpotent.
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If x and y are elements of a group G, their commutator [, y| is defined by

[ y] ="y tay.

The subgroup of G generated by all commutators [x,y], x,y € G, is called the commutator

subgroup of G and is denoted by G'.
Proposition 1.1.3. [37, p.33] The following statements are true for nilpotent groups:
1. A finite p-group is nilpotent.
2. Finite direct products of nilpotent groups are nilpotent.
3. If {1} # H1 G then HN Z(G) # {1}.
4. A minimal nontrivial normal subgroup of a nilpotent group is contained in its center.
The following is a useful characterization of finite nilpotent groups.

Theorem 1.1.4. [37, Theorem 1.5.21] Let G be a finite group. Then, the following conditions

are equivalent:
1. G is nilpotent.
2. Every Sylow subgroup of G is normal in G.

3. G is the direct product of its Sylow subgroups.

1.2 PERMUTATION GROUPS

If X is a nonempty set, a subgroup G of the symmetric group SymX is called a

permutation group on X.

Definition 1.2.1. The permutation group G is called transitive if, given any pair of
elements x, y of X, there exists a permutation 77 in G such that 7t(x) = y. The stabilizer
of x in G is

Stg(x) = {0 € Glo(x) = x}.
The permutation group G is said to be semireqular if Stg(x) = {1} for all x € X. A

reqular group is one that is both transitive and semiregular.
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Theorem 1.2.2. [42, Theorem 1.6.1] Let G be a permutation group on a set X.

1. Let x € X. Then the mapping Stg(x) — mt(x) is a bijection between the set of right cosets
of Stg(x) and the orbit of x. Hence the latter has cardinality [G : Stg(x)].

2. If G is transitive, then |G| = |X||Stg(x)| for all x € X.
3. If G is regular, then |G| = |X|.

Let X be the set {1,---,n}. Then by the Theorem 1.2.2, the subgroup G of S, is
regular if and only if it is transitive and of order n (equivalently, |G| = n and o(x) # x
forevery 1 # 0 € G and x € X).

For a positive integer n denote N, = {1,2,--- ,n}. The next result is an important

technical tool.

Lemma 1.2.3. [4, Lemma 1.1] Let H be a reqular subgroup of S, and fix an element iy € IN,,.
Let ¢ : H — IN,, be the bijection given by p(h) = h(iy). Then there is an anti-isomorphism
o:H — Cg,(H), mapping h € H to oy, where

ou(i) = 71 (i)(h(ig)) (i € Ny).

Moreover oy, = h for every h € Z(H) and so Z(H) = Z(Cg, (H)).

1.3 COHOMOLOGY OF GROUPS
Assume that G acts on an abelian group A. A map

v:GxG— A
is called a 2-cocycle if for all g, h,k € G

v(g h)v(gh k) = v(h k)3v(g, hk)

Let Z2(G, A) denote the set of all 2-cocycles of G with coefficients in the G-module A.
If v1 and 7, are 2-cocycles, then their product 717, defined by

(1172)(&h) == n(g )18 h), gheG
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is again a 2-cocycle. It follows that Z*(G, A) constitutes an abelian group. The identity

element of Z%(G, A) is the 1-valued 2-cocycle and the inverse ! of v is given by
v g h):=7(g,h)"! forallx,y€G.
Let t : G — A be any map such that £(1) = 1. Then the map
ot:GxG— A

defined by
5t(g,h) = t(m)St(g)t(gh) ™ g heG

is a 2-cocycle. We shall refer to dt as a coboundary and denote by B*(G, A) the set of all
coboundaries. In addition, we say that the 2-cocycles y and 7y are cohomologous if there
exist a coboundary dt such that y(g, h) = 6t(g,h)y(g, h) for all g, h € G.

It is straightfoward to verify that B>(G, A) is in fact a subgroup of Z?(G, A). The

corresponding factor group
72(G, A)
2 _ 7
HIGA) = (6, 4)
is called the second cohomology group of G over A. The elements of H*(G, A) are called
cohomology classes. For any f € Z*(G, A), we usually write [f] for the cohomology class

of f.

Definition 1.3.1. Let G and H be two groups and a € Z*(G,F*), B € Z*(H,F*). Define
v=axpeZ*Gx HTF)by

v((g,h), (&', 1) = a(g,&).B(h, 1),

for all (g, h),(¢',h') € G x H.

1.4 CROSSED PRODUCTS AND GROUP RINGS

From now on, let R be a ring with unity and let G be a group. Then the crossed product
R * G of G over R is an associative ring which contains R and has as an R-basis the

set G, a copy of G. Thus each element of R * G is uniquely a finite sum Z a8 with
geG



1.4 CROSSED PRODUCTS AND GROUP RINGS

ag € R. Addition is as expected and multiplication is determined by the two rules below.

Specifically for g,h € G we have

gh=(g h)gh (twisting)
where ¢ € Z%(G, R*). Furthermore for g,/ € G and r € R we have
gr =r1®3% (action)

where 17 : G — Aut(R) is a homomorphism. We sometimes also denote the crossed
product by R ] G.

Certain special cases of crossed products have their own names. If there is no action
or twisting, that is if 7(g) = 1 and y(g,h) = 1 forall g,h € G, then R G = RG is an
ordinary group ring. In case where R is commutative, RG is also called the group algebra
of G over R. If the action is trivial, then R *g G = R7G is a twisted group ring. Finally if
the twisting is trivial, then R *g G is a skew group ring.

In the case of twisted group algebras of cyclic groups, we will need the following

result.

Proposition 1.4.1. [22, Proposition 2.2.1] Let F be an arbitrary field and G a cyclic group of
n .

order n generated by g, let v € Z*(G,F*) and let A = [ [ (g, &"). Then

i=1

F7G = — 2 gs F-algebras.
G = A) as F-algebras

Lemma 1.4.2. [22, Lemma 3.6.1] Let G and H be groups, let IF be an arbitrary field, and let
a € Z%(G,F*), B € Z*>(H,F*). Then
F*G @p FPH = F**F(G x H) as F-algebras.

Given an element a = Z 2,8 € R *g G we define the support of a to be the subset of
geG
elements in G that appear effectively in the expression of «, that is:

supp(a) = {g € G :aq # 0}.

We shall now consider the case when R %) G = RG is a group ring. Let H be a
subgroup of G. We shall denote Ar(G, H) (or simply A(G, H)) the left ideal of RG
generated by the set {h —1:h € H}, that s,

A(G,H) = { Y ap(h—1):ay € RG}.

heH

13
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If H < G, then the canonical homomorphism w : G — G/H can be extended to an
epimorphism w* : RG — R(G/H) such that

w® (Z ”g8> = ) 4w(g).

geG geG
Since Ker(w™) = A(G, H), we have that A(G, H) is a two-sided ideal of RG and

RG

AG. H) =~ R(G/H).

If H # {1} is a normal subgroup of G such that |H| is invertible in R, we define
1

H = h € RG.
L

Proposition 1.4.3. [37, Proposition 3.6.7] Let R be a ring and let H be a normal subgroup of a
group G. If |H| is invertible in R then

RG = RGH ® RG(1 — H)

where
RGH = R(G/H) and RG(1—H) = A(G,H).

1.5 SEMISIMPLE RINGS

An R-module M is called semisimple if every submodule of M is a direct summand. A
ring R is called semisimple if the module gR is semisimple. A left ideal I of R is minimal
if every non-zero left ideal | of R included in I coincides with I; similarly for right and

two-sided ideals.

Theorem 1.5.1. [37, Theorem 2.6.4] Let R be a semisimple ring and A;, 1 < i <'s, all minimal
two-sided ideals of R. Then:

1. AiA]' = (0) lfl ?5 ]

2. R = @}_, A, as rings, where s is the number of isomorphic classes of minimal left ideals of
R.

Proposition 1.5.2. [37, Theorem 2.6.7] Let R = @&} _, A; be the decomposition of a semisimple

ring R as a direct sum of minimal ideals two-sided. Then
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1. Every two-sided ideal I of R can be written in the form I = A; @ --- @ A,;,, where
1<ii<--- < <s.

2. If R = &;_B; is another decomposition of R into a direct sum of minimal two-sided

ideals, then s = r and, after a possible renumbering of the indices, A; = B;, for all i.

Definition 1.5.3. The unique minimal two-sided ideals of a semisimple ring R are called

the simple components of R.

Theorem 1.5.4. [37, Theorem 2.6.9] Let R = &;_, A; be a decomposition of a semisimple ring
as a direct sum of minimal two-sided ideals. Then, there exists a family {e;, - - - ,es} of elements
of R such that:

1. e; # 0 is a central idempotent, 1 < i <s.
2. Ifi # j then ejej = 0.
3. 1=e1+---+es.

4. e; cannot be written as e; = ej + ;" where e;,e;* are central idempotents such that
e;,ei" #0and ejef* =0,1 <i <s.

Definition 1.5.5. The elements of {¢;, - - - , e5} in the theorem above are called the centrally

primitive idempotents of R.

Theorem 1.5.6 (Wedderburn-Artin). [37, Theorem 2.6.18] A ring R is semisimple if and only

if is isomorphic to a direct sum of matrix algebras over division rings:
R = Mnl(Dl) @ ctt EB M?’ls(DS)'

Now, we shall concentrate on semisimple group rings and semisimple twisted group

algebras.

Theorem 1.5.7 (Maschke). [37, Theorem 3.4.7] Let G be group. Then, the group ring RG is
semisimple if and only if the following conditions hold:

1. R is a semisimple ring.
2. G is finite.

3. |G| is invertible in R.

15
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Theorem 1.5.8. [22, Theorem 3.3.6] Let IF be an arbitrary field of characteristic p > 0, let G be
a finite group and let oy € Z*(G,F*). Then the following conditions are equivalent:

1. R =1TF"G is a semisimple ring.

2. p=0or p > 0and there exists an abelian Sylow p-subgroup P of G, say of order p”,
n > 0, such that the elements g¥" with g € P are P -linearly independent.

1.6 CODES

Let F be a finite field with g elements. Let F" denote the vector space of all n-tuples
over F. An (n,k) linear code C over F is a subspace of F" of dimension k. The Hamming
distance d(x, y) between two vectors x,y € F" is defined to be the number of coordinates
in which x and y differ. The minimum distance of a code C is the smallest distance
between distinct codewords. The Hamming weight wt(x) of a vector x € F" is the
number of nonzero coordinates in x. The minimum weight of a code C is the weight of
the lowest-weight non-zero codeword. Since we only work with the Hamming distance

and Hamming weight in this thesis, we shall ommit the use of the word "Hamming".

Theorem 1.6.1. [26, Theorem 1.1] If x,y € F", then d(x,y) = wt(x —y). If C is a linear code,

the minimum distance d is the same as the minimum weight of the nonzero codewords of C.

By the last Theorem, the minimum distance of a linear code C is equal to the minimum
weight of C.

Let us consider the action of the symmetric group S, on the n-dimensional space F"
defined by:

olay, -, an) == (agqy, -+ ,85)) forall(ay,---,a,) € F". (1)

The codes Cq,Cy C F" are permutation equivalent if there exists a permutation ¢ € S, such
that C; = 0(Cy). For a given code C C ", the group of all permutations o € S, such
that 0(C) = C is denoted by PAut(C). In addition, given ¢ € S, and Ay, --- , A, € F¥,
the map T : F" — " defined by

T(ay, - an) = (Mag(1), -+, Anflg(n)) ()

is called a monomial transformation of degree n. Note that, we may identify T with

Diag(Ay, -+, An).0 € (F*)" x S,,. Then, by Equation 2 we have an action of the group
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M(F") := (F*)" x S, on the set F". The codes C1,C, C F" are monomially equivalent
if there is a permutation ¢ € S, and a matrix M = Diag(Aq,- -+, Ay) for which C, =
M.o(Cq). Let C be a linear code in [F". The group of all monomial transformations T of
degree n in M(IF") for which T(C) = C is denoted by MAut(C).

Let G={g0=1,41,.-.,gn—1} be a finite group. Any (left) ideal I of the group algebra
FG defines a (left) group code K(I) of length n over F by the rule

(ag, -+ ,a,-1) € K(I) < apgo +a181 + -+ -+ a,-18n—1 € L.

Any code that is permutation (monomially) equivalent to K(I) for some (left) ideal I of
the algebra IFG is called a (left) G-code (G-mcode).

Theorem 1.6.2. [4, Lemma 1.2] Let C be a linear code of length n over a finite field IF and G a
finite group of order n.

1. Cis aleft G-code if and only if G is isomorphic to a transitive subgroup H of S, contained
in PAut(C).

2. Cis a G-code if and only if G is isomorphic to a transitive subgroup H of S,, such that
HUCs,(H) C PAut(C).

By the action of M(F") := (F*)" x S,, on F", we obtain a homomorphism
¢: MIF") — S, ¢Mo)=c0c (3)

Theorem 1.6.3. [30, Theorem 1] Let C be a linear code of length n over a finite field IF and let
G be a finite group of order n. Moreover, let ¢ be the homomorphism given in Equation 3. Then,
it holds:

1. Cis a left G-mcode if and only if G is isomorphic to a subgroup of H < M Aut(C) such
that ¢(H) is a reqular subgroup of Sy,.

2. Cis a G-mcode if and only if G is isomorphic to a subgroup H < MAut(C) such that
HU Cpypny(H) C MAut(C) and ¢(H) is a regular subgroup of Sp.

Let B = {vg, -+ ,v,—1} be an ordered basis of an algebra A over IF;. We shall think
codes as ideals of A. For an element « in the algebra A, the Hamming weight of a is the
n—1
number of elements in its support; i.e., if & = Z w;v;, then
i=0

w(a) =|{i]a; # 0} .

17
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The Hamming distance d on A is defined as
da,a') = w(a — a).

fora,a’ € A.
The weight or the minimum distance of an ideal I in A is

w(l) =min{w(a) |« #0, a € T}.

A code C is cyclic of length n if it is linear and whenever (a, - - - ,a,_1) is in C then
so is (a,—1,a9 - - ,a,—2). Note that the cyclic codes of length n are C,-codes. However,

not every C,-code is a cyclic code.
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NILPOTENT CODES

In this chapter we shall begin by studying essential idempotents, which will be our
main tool in the study of permutation equivalence between codes. In addition, we
will give conditions for monomial equivalence between codes in a group algebra and
cyclic codes. Finally, for minimal nilpotent codes, a sufficient condition for permutation

equivalence to abelian codes will be presented.

2.1 ESSENTIAL IDEMPOTENTS

Let G be a finite group and R a commutative finite ring with unity. If H # {1} is a

normal subgroup of G such that |H]| is invertible in R, then

is a central idempotent of RG and
RG = RG.H® RG.(1 - H).

where RG.(1 — H) = A(G,H) and RG.H = R(G/H). Notice that, if H C K are

subgroups of G, then HK = K.

Example 2.1.1. Let C4 = (g). The normal subgroups of Cg are:

Hl = {1}/ HZ - {11821g4}/ H3 — {1183}/ H4 - C6-

Then
H =1
H, =2+42¢%+2¢*
H; =3+ 3¢°

Hi=1+g+g +g +g"+g°

21
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are central idempotents of F5Cs. So we consider the ideal generated by H,
Fs5CoHa = F5Cy (4)
with {I/J\z, g3I72} a basis over FF5. The complement of 1F5C6I/J\2 is
F5Cs(1 — Ha) = A(Ce, Hp) (5)
which has a basis {1 —¢?,1—g* ¢* — ¢°,¢° — ¢} over Fs.
Example 2.1.2. Let D, be the dihedral group of order 8 and presentation
(a,bla* = b* =1,bab = a™ 1),
The normal subgroups of Dy are:
K = {1}, K, = {1,4%}, K3 = {1,a,a%a%}
Ky = {1,a%,b,a%b}, Ks = {1,a% ab,ab}, K¢ = Dy.
Then, we have the following central idempotents of F3Djy:
Ki=1
Ky =2+ 2a°
I/<§ —14a+a*+d°
I/Q: 1+a®+b+a%
I/<E =14a’+ab+a’b
Ko =2(1+a+a>+a®+b+ab+ a’b+ a’b).

The ideals which are generated by these idempotents and their respective complements

are

F3D4K; = F3Dy and FsDy(1—Kj) = (0); (6)

F3D4Ks = F3(Ca x C) and  F3Dy(1 — Kz) = A(Dy, Ky); (7)
with basis {I/<\2, bf(;, a1/<\2, abf(}} and {1 — a’,b—a*b,a — a3, ab — a3b}, respectively;
F3D4K3 2 F3C; and F3D4(1 - Kz) = A(Dy, K3); (8)
with basis {K3,bK3} and {1 —a,1 —a%,1 — a°,b — a®b,b — a®b,b — ab}, respectively;
F3D4Ky 2 F3C, and F3Dy(1— Ky) = A(Dy, Ky); )

with basis {I/Q, aI/Q} and {1 — a’>,1—b,1—a’b,a—a®,a—ab,a— a3b}, respectively.
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Example 2.1.3. Let S4 with presentation
< a,b,c,d!az = =c=d>=1,cac! =dad = ab = ba,cbc™' = a,bd = db,dcd = ¢~ > .

For future use, we shall use the notations a := (1,2)(3,4), b := (1,3)(2,4), c := (1,2,3)
and d := (1,2).
The normal subgroups of S, are:
L = {1}, L, =< (Z,b,C > A4,
Ly =<a,b>= Ky, Ly = S4.

Then we have the following central idempotents:

=1
Ly =3(1+a+b+c+c?+ab+ ac + ac® + be + bc? + abe + abc?)
Ly =4(1+a+b+ab)

Ly =Sy,

The ideals which are generated by L, and its complement are
F55,L, 2 F5C, and FsS4(1 — Ly) = A(Ss, Lo);
with basis {Ly,dL;} and {#(1 — k)|t € {1,d}, h € Ly \ {1}}, respectively.

Now, if & = 2 agg € RGH, taking a transversal T of H in G we can rewrite a as
g€G

x = Zattﬁ. (10)

tet

Since H is central, it is a sum of centrally primitive idempotents called its constituents.
Suppose that e is a constituent of H. Since RGe C RGH, we have that « € RGe implies
that a is of the form Equation (10). In terms of coding theory, this means that the
code given by the minimal ideal RGe is a repetition code. Note that, if e € RG is a
centrally primitive idempotent then, for all H <1 G, we have eH = e or eH = 0. We shall
concentrate on the case that eH = 0, for all {1} # H < G.

Definition 2.1.1. Let G be a finite group and R a finite commutative ring for which RG
is semisimple ring. A centrally primitive idempotent e € RG for which e.H = 0, for all
{1} # H < G, is an essential idempotent. A minimal ideal of RG is called an essential ideal

if it is generated by an essential idempotent and non essential otherwise.
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Example 2.1.4. The centrally primitive idempotents of IF5C¢ are:
€y = @
e1=1+4g+¢*+4¢° +g* +4¢°
ep =2 +4g+4¢% +2¢° +4g* +4¢°
e3=2+g+4¢*+3¢° +4¢* +¢°.

Since

Hi=eo+e +ertes
Hy = e+ e

Hz =e¢p+ e

by Example 2.1.1, we get the constituents of I/{\l, I/i\z and P/Iz; Notice that eol/i\z = ey,
e1Hy = e1, eoH3 = e and e3Hy = e3H3z = 0, so the primitive idempotent e3 is the unique
essential idempotent of [F5Cs. In addition, we get that
1—H; =0
1-— I/-I\z =ey+e3
1-— I‘/I\g =e +es.
Example 2.1.5. The centrally primitive idempotents of IF3D, are:
eh = Dy
e) =2+a+2a*+a> +2b+ab + 2a°b + a°b
eh =2 +a+2a*+a®+ b+ 2ab+ a’b +2a%b
ey =24 2a+2a> +2a° + b+ ab + a®b + a’b
ey =2 +a%
With the notation of Example 2.1.2, we express IZZ- (0<i<e6)as
Ky =ef+ej+éy+ 5+
Ky =e)+e)+eh+eh
Kz = e + ¢}
Ky =¢eh+e,
Ks =y +¢)

2 /
K6 — 60.



2.1 ESSENTIAL IDEMPOTENTS 25

In addition, we have
1-K =0
1-K, =¢|
1-Kz=¢}+eb+e}
1-Ky=¢h+es+e)
1—I/<E:ei+eé+eﬁl
1—Kg = ¢} +¢b+es+el.
Since ¢, €}, ¢, €5 are constituents of Ky, we have eff(} = ¢}, 0 < i < 3. In addition,

eﬁlff]- = 0, for 2 < j < 6, which implies that eﬁl is the unique essential idempotent of
[F3Dy.

Example 2.1.6. With the notations of the example 2.1.3, we can use GAP to compute the

centrally primitive idempotents of IF554
fo =Sy
fi=—1+d+cd+abc*d +c*d+bed+ad —a—b—ab—c+c?
— bc® — abc — abc® — be + abed + ac*d + abd + bc*d — bd + acd,;
f2 = 1+a+ b+ ab—3c—3c® + 3bc® + 3abc — 3abc* — 3bc;
f3=2(3—d—cd — abc*d — c*d — bed — ad — a — b — ab + abed + ac*d + abd + bc*d + bd + acd);
fa=2(384d+cd +abc®d + c*d + bed + ad — a — b — ab — abcd — ac*d — abd — bc*d — bd — acd)

so, we can write L1, L, and L3 as:

Li=fotfithtfi+fu
L= fo+ fi;
Ly=fo+ fi+fo

Furthermore, we can compute the idempotents

1-L, =0;
1—Lo=fot fa+ fu
1-Lz=fs+ fu.

As fo, f1 and f, are constituients of ig, we have f@ = f; for 0 < i < 2. Since

f3l?]- =0= f4LAj for j = 2,3, we have that f3 and f; are essential idempotents of [F55,.
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We shall now highlight some results about essential idempotents in the case when
R = F is a finite field.

Proposition 2.1.2. [8, Proposition 2.3] Let e € IFG be a centrally primitive idempotent. Then e

is essential if and only if the map 7w : G — Ge, § — ge, is an isomorphism of groups.

Theorem 2.1.3. [8, Corollary 2.4] If A is abelian and FA contains an essential idempotent,

then A is cyclic.

Corollary 2.1.4. [8, Corollary 2.5] Let A be an abelian group non-cyclic. Then, for every finite

field IF, every minimal code of FA is a repetition code.

On the other hand, we also know that if G is a cyclic group, then IFG always contains
an essential idempotent.
We shall show that similar results hold when G is a finite nilpotent group and FF a

tinite field for which FG is a semisimple. We begin with the p-group case.

Lemma 2.1.5. Let G be a p-group. Then G contains only one minimal normal subgroup if and
only if Z(G) is cyclic.

Proof. Let us first prove that every minimal normal subgroup is a central subgroup.
Let {1} # H be a normal minimal subgroup of G. Since G is nilpotent, G = Z,(G)
for some index n, there exists an index i which is the least positive integer such that
HN Z;(G) # {1}. Then [HN Z;(G),G] € HN Z,_1(G) = {1} and thus HN Z;(G) C
H N Z(G). Since H is a minimal normal subgroup and {1} # HN Z(G) C H is normal,
it follows that H = HN Z(G), i.e. H C Z(G).

Assume, by way of contradiction, that Z(G) is not cyclic. Then, there are H and K
two different minimal subgroups of Z(G). However, H and K are minimal normal
subgroups of G, a contradiction. Conversely, since every minimal normal subgroup of
G is a minimal subgroup of Z(G), if Z(G) is cyclic, then G contains only one minimal

normal subgroup. O
The results in [8] can be extended as follows.

Proposition 2.1.6. If G is a p-group whose center is cyclic then FG contains at least one

essential idempotent.

Proof. Let G be a p-group whose center is cyclic. Then, G has a unique minimal normal

subgroup H of order p. In this case, take ¢y = 1 — H # 0. Since H is normal in G it
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follows that ej is a central idempotent of FG, thus ¢y = Zei, where ¢; are centrally

1
primitive idempotents of FG. Let {1} # K be a normal subgroup of G. Since H is the
unique minimal normal subgroup of G, we have H C K which implies that egK = 0.
Then eiK = eieOK = 0, for all e;. Since eyg # 0 we have that G has at least one essential

idempotent. O

Let G be a nilpotent group and let F be the family of all minimal normal subgroups
of G. For a field FF such that char(FF) 1 |G|, we define
e(G) = [] (1 -K) € FG.
KeF
Lemma 2.1.7. With the notation above, e(G) is the sum of all the essential idempotents of FG.

Proof. Let e be a minimal central idempotent of IFG. If ¢ is essential, we have:

ee(G) = He(l—IZ): [Je=e

KeF KeF
On the other hand, if e is not essential, there exists a normal subgroup H in G such that

eH = e. If K is a minimal normal subgroup of G contained in H we have
e(1—K)=eH(1 —K) =eH —eHK =eH —eH = 0.

Consequently, e.e(G) = 0.
Since a minimal central idempotent e is a constituent of a central idempotent f if and
only if ef = e, the result follows.
O

We are now ready to extend Theorem 2.1.3 to the case when G is nilpotent.

Theorem 2.1.8. Let G = P; - - - P, be a nilpotent group with cyclic center in which P; is the
Sylow p;-subgroup of G, 1 < i < r. Suppose that e is a centrally primitive idempotent of FG.
Then, e € FG is an essential idempotent if and only if e.e(G) = e.

Proof. Let e € FG be an essential idempotent. Then, by the Lemma above, it follows
that e.e(G) = e.

Conversely, assume, by way of contradiction, that we have e.e(G) = e but e is non
essential. Then, there exists a normal subgroup H of G such that eH = e. Moreover,
for any minimal normal subgroup K; C H we have H(1 — K;) = 0. Consequently,

~

e(G)H =0 and

a contradiction. O

27
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Example 2.1.7. Using the notation of examples 2.1.4, 2.1.5 and 2.1.6, we have that Hp, H3
are the minimal normal subgroups of C¢; K; is the unique minimal normal subgroup of
Dy; L3 is the unique minimal normal subgroup of S4. Taking into account the previous

examples, we get

¢(Ce) = (1 — Ha)(1— Hz) = e3;
e(Dy) =1—K;, = ¢l;
e(S4) =1—1Ls = f3+ fu.

Theorem 2.1.9. Let G be a finite nilpotent group and F a field with characteristic relatively
prime with the order of G. Then FG contains at least one essential idempotent if and only if the
center of G is cyclic.

,

Proof. Let G be a nilpotent group with cyclic center and order m = H p;', where p; are
i=1

prime rational integers, 1 < i < r. Then, G is the product of their Sylow subgroups P;,

where 1 <i < r. For each i there exists a unique minimal normal subgroup K; of P;. In

this case
e(G)=(1-Kp)-(1-K,).

Since K; is a minimal normal subgroup of G, we have K; C Z(G). Therefore, K; is also a
cyclic group. Without loss of generality we can assume K; =< a; > of order p;. As FG

is semisimple, the order of G is invertible in IF, hence py, - - - , pr are invertible too. Thus

pfl r—1
o= (11t (o e
r

P1 p

Notice that the coefficient of a1 - - -a, is (—1)"(1/p1) - - - (1/ps) # 0. We conclude that
e(G) # 0. Consequently, its constituents are essential idempotents in FFG.
Conversely, when G is a finite nilpotent group with non-cyclic center, we have, by [21,

Lemma 2.2], that e(G) = 0. Consequently, IFG contains no essential idempotents.
O
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Let G; and G; be two groups of the same order. Let R be a ring with unity and
v : Gi = G2 a bijection. Denote by % : RG] — RG; the linear extension of . Clearly,
7 is a Hamming isometry, i.e., elements corresponding under this map have the same
Hamming weight. Two codes I; C RG; and I, C RG; such that 9(I;) = I, are said to

be permutation equivalent.

Remark. Note that, the last definition given above is essentially the same as in Section 1.6 in

case of group algebras.

Example 2.2.1. As a consequence of example 2.1.5 we get that 1 - f(; = efl =2+4a%isan

essential idempotent. Now, consider Iy = (F3Dy4)ey = A(Dy, K») with basis
B ={1- a’,b—a*b,a — a3, ab — a3b}

over IF3 and I, = F3Cg(1 — H) = A(Cg, H), where H =< g* >C Cg, with basis
By={1-g"g-88 88 -5}

over [F3. Let us define v : Dy — Cg by

(1) =1 () =g

7(a) = ¢ y(ab) = &°
v(a?) = ¢* 7(a*b) = &
y(@®) = ¢° 7(@°b) = ¢.

Because y(B;) = B,, we have y(I;) = I,. So, we conclude that the essential code I is

permutation equivalent to the cyclic code I.

More generally, the codes C; and C; are said to be monomially equivalent if there exists
a monomial transformation T (See chapter 1) such that T(Cy) = Cy. It is straightforward
to verify that if two codes are permutation equivalent then these codes are monomially
equivalent. By [30], there exists a nilpotent code which is not monomially equivalent to
an abelian code. Hence, by the remark above, there exists a nilpotent code which is not
permutation equivalent to an abelian code.

Given an arbitrary finite semisimple group algebra IFG, we are now ready to determine

sufficient conditions for ideals in IFG and abelian codes to be permutation equivalent.

29



30

NILPOTENT CODES

It is well know that all ideals in a group algebra IFG are to be permutation equivalent
to abelian codes whenever G has an abelian decomposition, i.e., G = AB, where A
and B are abelian subgroups of G. We shall determine another sufficient condition for

permutation equivalence between ideals and abelian codes.

Theorem 2.2.1. Let G be a finite group of order n and F a finite field. If e € FG is an
idempotent such that eH = e for some non-trivial subgroup H of G, then FGe is permutation

equivalent to an abelian code.

Proof. Let I = [FGe. Since eH = e, it follows that I C FGH. Let {v1,+ -+ ,v:} be a basis
of I over FF, {x;}/_, a transversal of H in G and m = |H|. Since {x;H,x,H,---x,H} is a
basis of FGﬁ, we have
v; = Zaijxjﬁ, ajj € F,
J

forall1 <i<t.
Suppose that G = {¢1, 2, -, gn} with n = mr and

xiH = {g(ifl)m+1rg(i—1)m+2/ T fgim}-

So, if we fix the m-cycle 0; = ((i—1)m+1,(i—1)m+2,---,im) € S, 1 <i < r, we
have ¢;(v;) = v; for all 1 < j < t. This implies that ¢; € PAut(I) and consequently
A = (0,00, - ,0,) C PAut(I). Since the m-cycles 0;, 1 < i < r, are disjoint, we have

that A is an abelian group. In addition, as

AZCpy XX Cy

-~

r times

we have |A| =n = |G|.

We shall show now that A is a regular subgroup of S;,. Let ¢ € A. Then

i+ 1, if m does not divide i

i—m+1, if mdivides i.

Thus, o(i) #iforalli € {1,2,---,n}; so we conclude that A is a regular subgroup of

Sp. It follows by Theorem 1.6.2 that FGe is permutation equivalent to a left A-code.

Since FA is commutative, we have that IFGe is actually equivalent to an abelian code.
O
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Remark. In the proof of the last theorem, we could have used the second part of Theorem 1.6.2;

we only need to compute Cg, (A). Notice that

clooc=0 < (c((i—-1)m+1), - ,0(im)) = ((i—1)m+1,---,im)

_ A
< U‘{(i—l)m—l—l,-'-,im} =0
so=c.. .gh

=0 !

forall o € Cg,(A). Then A = Cs,(A).

In [8], it was shown that every minimal abelian code is permutation equivalent to a
minimal cyclic code. In what follows, we wish to find sufficient conditions on ideals of
an arbitrary finite semisimple group algebra which guarantee that they are monomially

equivalent to cyclic codes.

Lemma 2.2.2. Let I be an ideal of the group algebra IFG of dimension t. If I contains a basis
{u;}!_, whose elements have disjoint support, then there exists g1, - - ,g+ € G such that the

elements gquy, - - -, gtu1 have disjoint support and form a basis of 1.

Proof. We may assume, without loss of generality, that |Supp(u1)| = min{|Supp(u;)| :
1 < i < t}. Since {guy,---,gut} is basis of I with Supp(gu;) N Supp(guj) = @,
whenever i # j, we assume that 1 € Supp(uq). Set g1 =1, g; € Supp(u;),2 <i < t. For
1 <i <t we have

t
giu1 = Za]u]
j=1

As g; € Supp(giur) N Supp(u;), we have a; # 0. From the minimality of |Supp(giu1)| =
|Supp(uq)| and from the fact that u;, 1 < i < t, have disjoint support, it follows that
giu1 = a;u;.

O]

For o € S, we consider the permutation matrix [o] € M, (FF) defined by
1, ifj=o(i)
o] = ]
0, otherwise.

Lemma 2.2.3. Let Ay,--- ,A, € Fand w € S;,. Then

[7].Diag(Aq, -+, An) = Diag(Ar1y, - s Ag(m))-[7T)-

31
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Proof. Assume that A = [r].Diag(A1, -+, An) and B = Diag(Az(1y, -+, Agny)[77]. Since

the entries of A and B are

[Al;j = {Aj’ i=n0)

0, otherwise

and

B, = {An@, j = n(i)

0, otherwise

respectively, we conclude that A = B. O

Theorem 2.2.4. Let G be a finite group of order n and let IF be a finite field. Suppose that
I # (0) is a code in FG with dimension t and basis whose elements have disjoint support. Then,

I is monomially equivalent to a cyclic code.

Proof. Let {u;}!_; be a basis of I whose elements have disjoint support. By Lemma
2.2.2, the code I contains a basis of the form vy = g; uy, ..., vy = g;,u1 for some 8i; € G,
1 <j <t Since I # (0) there exists 0 # a € I. Then, for g € supp(a) we have that
h € supp(hg'a), for all h € G. Since hg™'a € I, it follows that G = U!_ supp(v;).
So, the subsets supp(v;) form a partition of G, because are disjoint sets. As v; = 81,
we have, for 1 < j < ¢, that supp(v;) are sets of equal cardinality m = n/t. Then we

enumerate the elements of G so that we can write

supp(vi) = {81, &+1, S+, Gm-1)+1
supp(va) = {82, §t+2, &at+2, s Gm-1)+2 }
supp(va) = {83, §t+3, &2+3 ", Gm-1)t+3

supp(vs) = {8, &t &t -,  Smt )

m—1
and thus v; = Z Aj418jt+ir with a; € F.
j=0
We can define an action of S, on G by 7.¢; = g(;), for all T € S;;, and extend linearly
to FG. Take the n-cycle o = (1,2,--- ,n) € Sy. Set
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a,ta; 00 - 0
0 10 ---0
0 00 1
ay,'az 0 0 0
0 10 0
0 00 ---1
-1
a, 1am 0 0 0
0 10 ---0
0 00 1

As M is a diagonal matrix, we can identify M.c = M.[c] € GL,(FF) with the element
(A1, -+, Am).0 in the group (F*)" x S, where (A1, -+, Ay) is the diagonal of M.

Since (M.[o] Do, = vy for 1 < i < t—1 and (M.[o] Doy =
M.[e]"}(I) = I which implies that M.[¢]"} € MAut(I). We claim that M.[c]~! has
order n. Notice that if M = Diag(A4,- -, Ay), then by Lemma 2.2.3, we have

v1 , we have

-1

[U]_I.M = Diag()xr1(1),- c ,)Lgfl(n)).[(f]

n—1
Now, (M[e] )" =T] Diag(Ayk(1y, s Agk(ny)[o] " and the entry ij is
k=0

n—1

[TAcwu ifi=j
k=0

0, otherwise.

n—1
Since | | Agk(i) = (ap'a1)(ay;tan) - (a,! jam) = 1 for any 1 < i < n, we have that
k=0
(M[o]™1)" is the identity matrix. As 7 is the order of [¢], we conclude that M[c] ™! has
order n.
Let H = (M.c) C MAut(C) and ¢ : (F*)" xS, — S,, ¢(A.7t) = 7 as defined in

Equation (3). Since every n-cycle generates a transitive group, we have that ¢(H) = (o)
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is a regular subgroup of S,,. By Theorem 1.6.3 (1), we conclude that I is monomially

equivalent to a cyclic code. O

Now, assume that R is a commutative ring. Let K; and K be normal subgroups of G;
and G, respectively, where G; and G, are of the same order such that G;/K; = G, /K,.
Then

R[G1/K1] = R[G2/K3]

and
RG1.K1 = R[G1/Ky] & R[Gy/Ka] & RGoKa.

Denote by i : R[G1/Ki] — R[G2/K;] the linear extension of the isomorphism
G1/K; = G3/K; and denote by 6 : RG1.1/<\1 — RGJ(E the corresponding isomorphism.

Let 71 = {g1,-- , 4t} be a transversal of K; in G;. Choose any 7; € G, such that
Ko = u(giKy). Then T, = {n1,---,4¢} is a transversal of K; in G,. Suppose that
f: K1 — Kj is a bijection. We can define a map 7 : G — G; by 1(gik) = 1;f(k), for all
gi € T1 and k € K;.

If & € RGy.K3, then it follows from Equation (10) that

t—1
X = Z lX,'giKl.
=0

1

Then

o) = Lk = L T ¥) = g Lo 16,

"eKy kekKy

By comparing the expressions for « and 0(«), we see that the linear extension 7 :
RG;1 — RG,; of 1 coincides with 6 in RG1.1/<\1 .

Proposition 2.2.5. Let Ky and Ky be normal subgroups of G1 and Gy, respectively, where
G1 and G, have the same order and G /Ky = Gy /K. If ey is an idempotent of RGy where
e1 € RG1Kj, then RG;.e; is permutation equivalent to RGy.ep, with e; = 0(eq).

Proof. Since RGy.eq C RGJ(;, we have
9(RG1.€1) = 9(RG11/<\1)9(€1) = RG21/<\2.€2 = RG2.62.

As 1 coincides with 0 in RGj.e;, we conclude that RGj.e; is permutation equivalent to
RGj.ep, with ep = 9(61). [l
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Example 2.2.2. Let G; = S5 and K; = Ly, where L; is the same as in example 2.1.3.
Let G, = Cyy =< ¢ > and K; =< gz >. Since S4/Ly = Cyy/Ky, it follows that
(F5S4)Ly = (F5Cp4)Ky. Set 7y = {1,d} a transversal of L, in Sy and ©» = {1,¢} a
transversal of K, in Cp4. Consider f : L, — K, a bijection between L; and Kj; define
1 : Sy — Coy by n(dh) = g.f(h) for all h € Ly; take 7 : (IF5S4)Ly — (F5Cp4)K; the linear
extension of 7. By example 2.1.3, the set {L,,dLy} is a basis of (IF554)L, over Fs. Then

T(a1Ly + apdly) = 1Ky + azgKy

for every aq,a; € Fs. As {Ky,gKy} is a basis of (F5Cp)K;, we conclude that 7 :
(F5S4) Ly — (IF5Co4)K is bijective. In addition,

7 ((“1@ +apdL;) (B1La + 526@;)) =17 ((061,31 +ayB2) Ly + (w12 + “Zﬁl)di;))

= (0181 + 12B2) Kz + (4182 + 21)8K2)
= (01Kz + a2dKz) (B1K; + B2gKa)

which implies that 6 =177 : (IF5S4)E — (IF5C24)I/<E is an isomorphism of algebras over
IF5. Again, by the example 2.1.3, we have L, = ey + e1, where e, e; are centrally primitive

idempotents. Since e; € (]F5S4)ZE and can be expressed as

e1=—-1+d+cd+abc®d+c*d+bed+ad —a—b—ab—c+c?
— bc? — abe — abc?® — be + abed + ac®d + abd + bc®d — bd + acd,

we obtain
23

B(er) =7i(er) = = )_(-1)'¢' = e,

i=0
where e, is an idempotent of (]F5C24)I/<E. We conclude that (IF5S4)e; is permutation

equivalent to (IF5Ca4)es.

2.3 MINIMAL NILPOTENT CODES

In this section, we shall prove that every non essential centrally primitive idempotent
generates a code which is permutation equivalent to an abelian code. In addition, we
shall determine a condition on the given group so that every minimal nilpotent code is

permutation equivalent to an abelian code.
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Let G be a finite group and R a finite semisimple ring such that |G| is invertible in R.

Let e € RG be a centrally primitive idempotent. We define

Ke={ge€G:ge=ce}. (11)

Notice that K, is the kernel of the homomorphism of groups 7 : G — Ge, g — ge. Thus

The following Lemma will be a useful result.

Lemma 2.3.1. Let e € RG be a centrally primitive idempotent and let K be a normal subgroup
in G. Then e.K = e if and only if K C K,. Furthermore, if K ¢ K, then e.K = 0.

Proof. Assume that e.K = e. For any k € K, we have ek = e.Kk = e.K = e. Then K C K.
Conversely, if K C K, then, for any k € K, we have ek = ¢, which implies that e.K =e.
Finally, if K ¢ K, then e.K # e. As e is a centrally primitive idempotent, we conclude
that e.K = 0. ]

The following is Theorem 3.1 of [8] slightly generalized.

Theorem 2.3.2. Let e # G be a centrally primitive idempotent of RG and ¢ the natural
projection { : RGK, — R[G/K.], gK, — gK. € G/K, for each g € G. Then, the element
P(e) is an essential idempotent of R[G/K,|.

Proof. Since ¢ is an isomorphism of rings, it follows that

P(e)® = ple)ple) = p(e*) = p(e),

i.e, ¢(e) is an idempotent of R[G/K,]. If B € R[G/K,| then B = y(«a), for some
& € RGK,. It follows that B.ip(e) = p(x.e) = p(e.x) = P(e).p which implies that p(e) is
central. Suppose that ¢(e) = f1 + f» expresses §(e) as a sum of two orthogonal central
idempotents of R[G/K,]. Then f; = ¢(e;), where e; is an idempotent for i = 1, 2. Since
ey, ez are orthogonal idempotents, we have that e; = 0 or e = 0, hence, f{ =0 or f, = 0.
Now, we want to prove that i(e) is essential. Assume that K = K/K, is a non-trivial

normal subgroup of G/K,. Let T be a transversal of K, in K. Then

Ko —
~ K Lk= 1 L= g L

kek teT teT
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Thus, we have

Example 2.3.1. Let Qg be the quaternion group with presentation
<abla* =10 =a*bab ' =a! >.

Consider G = C; x Qg with C; = {1, g}. The centrally primitive idempotents of F3G

not associated to linear characters are

er = (1+g) — (1+g)a*
er=(1-g) —(1-g)a*
Note that K,, = {x € G:xe; = e;} = {1,g} and K,, = {x € G : xep = e} = {1,ga°}.
If we consider ¢; : 1F3GKAEI. — F3[G/K,,| withi = 1,2, then ¢1(e1) = 2(1 — az)Ke1 and,
since ga’K,, = Ko, and gK,, = a°K,,, we have 9 (e2) = 2(1 — a*)K,,. In both cases, we
have that G/K,, = Qg, withi = 1,2. As 2(1 — az) € F3Qg is an essential idempotent
(unique in this case) we have that ¢ (e) and ¢ (e;) are essential idempotents.
Now, let us take R = [F3C; instead of [F3. As RQg = F3G, we have the same centrally

primitive idempotents. In addition, since

Kel:{xEQg:xel:el}:{l}:{xeQS:xezzez}:Ke2
we conclude that e and e, are essential idempotents of RQs.

Corollary 2.3.3. Let e # G be a centrally primitive idempotent of RG. Then, the group G /K,

has cyclic center.

Proof. By the last theorem, we have that R[G/K,] contains an essential idempotent. It

follows from Theorem 2.1.9 that G/K, is cyclic. O

It was proved in [8] that every minimal abelian code is permutation equivalent to a
cyclic code. The main idea of the proof is, for every minimal idempotent e of the abelian

group algebra [FA, to consider a cyclic group C which has the same order as A and a
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subgroup H of C such that A/K, = C/H. Now, if we want to use the same argument
for a nilpotent group G, we shall need that, for any centrally primitive idempotent

e € IFG, there exists a nilpotent group N with cyclic center and a subgroup H of N for

~

which G/K, = N/H. However, as the next example shows, the same does not happen

necessarily with the nilpotent groups.

Example 2.3.2. Consider the group G = C4 x C4 with presentation
G=<abla*=b*=1,bab =a! >

and center Z(G) = {1,4% 1%, a*b*}. The element e = 2 + 5b* + 54> + 2a%b*> € F,G is a

central idempotent. Notice that

raimodejmodZEI if i,jZO,l
6al mod2pimod2, g — (1 and j =2,3
6a' M4 2pimod2, - if i —2 3and j=0,1

imodej modZe/ if i,j =23.

alble =

a

\

Then, F7Ge is generated by the set B = {e, ae, be,abe} as a F-vector space. Since

e, ae, be, abe have disjoint support we have that B is a basis of IF;Ge. It follows from
(ae)(be) = 2ab + 5a°b + 5ab® 4 2a°b® # 2 4 5a% 4 5b* 4 2a°b = (be) (ae)

that F;Ge = M, (IFy) implying that e is a centrally primitive idempotent. Note that
K. = {g € G|ge = e} = {1,a°h*} and G/K, = Qg the quaternion group of order 8. By

[13] there exists six groups of order 16 with cyclic center:

Ci6 = (8);

Dg = (a,b|a® = b*> = 1,bab = a™1);

Qi = (a,bla® =1,0* = a*, bab~' =a~1);
SDyg = (a,b|a® = b*> = 1,bab = a°);

M4 (2) = (a,b|a® = b*> = 1, bab = a°);

CysoDy = (a, b,c|a4 = ¢?> =1,b*> = a®,ab = ba,ac = ca,cbc = azb).

It follows from Lemma 2.1.5 that there exist a unique minimal normal subgroup in each

of these subgroups. The correspondent factor group are isomorphic to

Cs, Dy, Dy, Dy, C3 x Cy, C3,
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respectively. Then, it is not possible to find a group N of order 16 with cyclic center
and a subgroup H for which G/K, = N/H. However, since the elements of B have
disjoint supports of the same cardinality, by the Theorem 2.2.4, we conclude that FGe is

monomially equivalent to a cyclic code.

As the previous example suggests, it will be of interest to determine when minimal
nilpotent codes are equivalent to abelian codes. The following theorem is an answer to

this question.

Theorem 2.3.4. Let e € IFG be a non essential centrally primitive idempotent. Then FGe is

permutation equivalent to an abelian code.

Proof. Since e is non essential idempotent, it follows that K, # {1}. By Lemma 2.3.1, we
have that eK, = e and by Theorem 2.2.1 we conclude that IFGe is permutation equivalent

to an abelian code. ]

Corollary 2.3.5. If G is a finite nilpotent group which has a non-cyclic center, then every

minimal code in FG is permutation equivalent to an abelian code.

Proof. Let e be a centrally primitive idempotent of IFG. Since the center of G is non-cyclic,
we have that e is a non essential idempotent. Then the result follows from Theorem

2.3.4. [

In Theorem 2.2.4, we determined a sufficient condition for a code to be monomially
equivalent to a cyclic code. Now, we shall present a sufficient condition for a code to be
permutation equivalent to a cyclic code depending on the group structure. For every
element ¢ in a group G, denote by C; the sum of the elements of the G-conjugacy class

of g, ie,

Ci=Y n
heCq

We begin with the following result of [21].

Lemma 2.3.6. [21, Lemma 2.3] Let G be a finite group and g € G. If g 'Co N Z(G) # {1},

then G contains a central element z of prime order so that C; = C; Z.

Let G be a finite nilpotent group and let e € IFG be a centrally primitive idempotent.
Let G be the subgroup of G such that G/K, = Z(G/K,). We already know that G /K,

is cyclic.
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Lemma 2.3.7. If G/K, is nilpotent of class ¢ < 2, then Supp(e) C G.

Proof. If c = 1 then G/K, is cyclic and we are done. Now, assume that c = 2. Let C
be the full set of representatives of the conjugacy classes of G/K,. Let e be the image
of eby ¢ : FG — F(G/K,), ¢ the linear extension of the projection G — G/K,. From
Theorem 2.3.2, it follows that ¢ is an essential idempotent, in particular, a centrally

primitive idempotent. Since G/K, = Z (G/K,), we can write

e= ) B+ ), PGy
geG/K, geC\(G/K,)
where C; denote the conjugacy class of § € G/K, and B¢ € FF for § € C.

Again, as G/K, = Z(G/K,) # G/K,, we have that, for any § € C\ (G/K,), there
exists an ¥ € G/K, such that 1 # [, %] € § 'CzN Z(G/K,). So, by the previous Lemma,
there exists wy € Z(G/K,) of prime order such that Cg = Cgfr.a/?g. Then, we can rewrite
e as

e= ) B&t ) BsCiws
geG/K, geC\(G/K,)
Since ¢ € F(G/K,) is an essential idempotent, it follows from Theorem 2.1.8 that
e.e(G/K,) =e. As every minimal normal subgroup of G/K, is central, we have that
e(G/K,) € F(G/K,). Then

c=ee(G/K)) = ), Bsge(G/Ke)+ ),  BgCi.ge(G/K,)
eG/K, geC\(G/K,)

= Z ,ng.e(G/Kg)

eG/K,

o

oQ

because wg.e(G/K.) =0, forall § € C\ (G/K.). By the last formula we conclude that
¢ € F(G/K,). We can express e = a + 8, where Supp(a) C G and Supp(B) C G\ G.
Then, ¢ = & + B, which implies, by comparing the support, that B = 0. As the kernel of
¥ : FG — F(G/K,) is FG(1 — K,), we have that § € FG(1 — K,) and so, K, = 0. Since
eﬁ = ¢, it follows that a + f = a@ € FG. Then g=0.

[

Now we are ready to prove the following result.

Theorem 2.3.8. Let G be a finite nilpotent group of order n and e € FG be a centrally primitive
idempotent such that G /K, of class c < 2. Then every code C C FG is permutation equivalent
to a cyclic code C' in FC,,.
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Proof. By last Lemma, we have Supp(e) C G. Then e € FG and G/K, is cyclic. By
Theorem 2.2.5 we have that FGe is permutation equivalent to a code in IFCe’, where
m = |G| and ¢’ is an idempotent. Let ¢ : FGe — FCye’ be an isometry and 7 =
{91, , gt} a transversal of G in G. Let C, be a cyclic group of order n = |G| and let
C be its unique subgroup of order m. Let 7, = {hy,-- - , I} be a transversal of Cy, in

Cy. We can define an isometry of ¢ : FGe — FCye’ by

P(ga) = hip(3w),

forall g = ¢;¢, § € G, « € FGe.

2.4 COMPUTATION CONSIDERATIONS

In Theorem 2.2.4, we saw that every code in a group algebra which has a basis whose

elements have disjoint supports is monomially equivalent to a cyclic code. Now, we

shall use the following algorithms (in GAP) to see how often this condition holds.
Given a finite group G, the GAP do an enumeration of G as set. Every element

x € IFG associates to a sequence of coefficients of x.

ElementsAsRows:=function(G,q,x)
local SetG, S, L, i, g;

SetG:=AsList(G);
S:=CoefficientsAndMagmaElements(x);
L:=[];

for i in [1..Size(G)] do

Add(L, 0°Z(q));

od;

for g in SetG do

if g in S then L[Position(SetG,g)]:=S[Position(S,g)+1];
else L[Position( SetG , g) ] := 0*Z(q); fi;
od;

return L;

end;
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Given the group algebra IFG, the next function gives a list of all the generator matrices

of minimal central codes in [FG.

MatricesOfMinimalCodes:=function(FG)
local F, G, M, n, q,D, d, m, B, i;
D:=DirectSumDecomposition(FG);
G:=UnderlyingGroup(FG);
F:=UnderlyingField(FG);

q:=Size(F);

M:=[];

for d in D do

m:=[ |;

B:=Basis(d);

for i in [1..Length(B)] do

Add(m, ElementsAsRows(G,q,Bli]));
od;

Add(M,m);

od;

return M;

end;

The last function has a true value if all minimal codes in FG have bases whose elements

have disjoint support.

HasDisjointBasis:=function(M,q)
local n, MT, m, i, j, L, HDB;
MT:=[ |;

HDB:=true;

for m in M do
Add(MT,TransposedMat(m));
od;
n:=DimensionsMat(MT][1])[1];
for iin [1..Length(MT)] do
forjin [1..n] do
L:=Set(MTIil[j]);
RemoveSet(L,0*Z(q));
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if Size(L)>1 then HDB:=false;
elif Size(L)>1 then break; fi;
od;

od;

return HDB;

end;

Now, we shall use all these functions in the following algorithm. For each prime
power g, we can use the same algorithm. Let us write the algorithm for 4 = 3 and
compute the list of all non-abelian groups of order < 100 such that all minimal codes in

IF;G have bases whose elements have disjoint support and order relatively prime to 3.

L:=[];

for n in [1..100] do

for G in AllSmallGroups(Size, n, IsAbelian, false) do
FG:=GroupRing(GF(3),G);

if GedInt(Size(G),3)=1 then M:=MatricesOfMinimalCodes(FG);
else break; fi;

if HasDisjointBasis(M,3) then Add(L,G); fi;

od;

od;

By using the above algorithms, we can produce a table. We say that a group has
disjunction over a field [ if all minimum codes have disjoint bases. In the table 1 all

groups considered are non-abelian of order < 100 and order relatively prime to g.

Table 1: Groups with order relatively prime to q

Size of field IF,

3 4 5 7 8 9

Total of groups 440 20 759 823 20 440
Nilpotent groups 326 12 388 397 12 326
Groups with disjunction 203 15 288 240 11 190

Nilpotent groups with disjunction 203 11 288 240 5 190
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Note that there are many nilpotent groups with disjunction. When we consider the
two bottom lines in the table above, we note that, for some fields, all groups with
disjoint basis are nilpotent. Let us consider all minimum codes of non-abelian nilpotent
group of order < 100 with disjunction. In the table 2, all codes are in FG, where G
is nilpotent and |G| < 100. We shall use the abbreviation BDS for basis with disjoint

supports.

Table 2: Number of minimum nilpotent codes over IF,

Size of field F,

3 4 5 7 8 9

Number of minimum codes with BDS 5248 226 7231 7368 108 6466

Number of minimum codes 5849 232 8312 8291 150 7370

Now, taking into account the Corollary 2.3.5, we can construct a table with the number
of nilpotent groups which has non-cyclic center. Remember from 2.3.5, that the group
algebras over these groups have minimal codes permutation equivalent to abelian codes.
All the groups considered in the table 3 are nilpotents which have disjoint bases and

with order relatively prime to 4.

Table 3: Number of nilpotent groups with disjoint basis over IF,

Size of field F,

3 4 5 7 8 9

Cyclic center 43 7 55 56 3 29

Non cyclic center 160 8 233 184 2 161




3 CONSTACYCLIC CODES AND
CONSTABELIAN CODES
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The first part of this chapter is devoted to present a different method of computing the
number of simple components of a twisted group algebra F?G. In the second part we
compute the centrally primitive idempotents of the twisted group algebras of a cyclic
group and in the last part we shall provide an example of idempotents in twisted group
algebras.

Let R be a finite commutative ring, C a linear code in R", that is, C is a R-submodule
of R" and let A be a unit in R. Recall that C is a A-constacyclic code if

(COIC]J o /cn—l) € C — (/\Cl’l—ll Co,- " /Cn—2) € C

for all (cg,cq1, -+ ,cn_1) € C.

When A = 1, the code is cyclic and, when A = —1, the code is called negacyclic. Thus,
constacyclic codes generalize cyclic and negacyclic codes and they have been studied
for many authors ([39], [1], [11], [12]). Also, constacyclic codes can be realized as ideals
in polynomial factor ring R[x]/(x" — A). We will intensively use this fact in the last two

sections and to construct some examples.

3.1 THE NUMBER OF SIMPLE COMPONENTS

Let G be a finite group of exponent ¢ and F a field of characteristic p > 0 such that p
does not divide the order of G. We say that a 2-cocycle v € Z2(G,F*) is normalized if

1(g1) =1=7(1¢)
for all ¢ € G. Given a normalized 2-cocycle <, an element ¢ € G is said to be y-reqular if
7(8 %) =7(x,8)

for all x € Cg(g). Let Cq be the conjugacy class of g € G and let y € Z*(G,F*). We say
that C, is «y-regular if g is y-regular.
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Before exploring the theory any further, we compute some explicit examples. We
shall need one result. The following is well-known but we include its proof for sake of

completeness.

Lemma 3.1.1. Let C, = (g) be a cyclic group of order n and A be a finite C,-module, i.e., A is
a finite abelian group with an action of C, in A. Let A = {a € A: a8 =aforall ' € C,}.

n—1 .
Also, define the norm map N : A — A by N(a) = [ | as’.
i=0
Then, for every A € A", we have that v, : C, x C,, — A defined by
o 1, i+j<n
11(8,8) = o
A, i+j>n
is a 2-cocycle and H*(C,, A) = {[12] : A € A} =2 A% /Im(N).

Proof. Let r1 and r, be the residues of the division of i + j and j + k by n, respectively.
Then

1, ifi+j<nandri+k<n
(&, 8)mm(&'e.8) =32, (fi+j<nandr +k>n)or(i+j>nandr +k<n)
)Lz, ifi+j>nandry +k>n.

Since A8 = A for all i, with0 <i <mn—1, we have

1, ifj+k<nandi+ro<n
’YA(gj,gk)gl.vA(gi,gjgk) =4A, if(+k<nandi+mrn>n)or(j+k>nandi+ry <n)
A2 ifj+k>nandi+r >n.

We wish to show that WA(gi,gj).yA(gigf,gk) = ’m(gj,gk)gi.'y)\(gi,gjgk) for every 0 <
i,j,k < n — 1. First we observe that

i+7j, ifi+j<n
r =
i+j—mn, ifi+j>n

and

jtk ifj+k<n
Ty =
j+k—mn, iftj+k>n.

Let us consider four cases:
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1. Assume thati+j <nand r; +k <n. Theni+j+k < n implying that j +k < n
and i +1ry < n.

2. Assume that j+k <nandi+mn >n If j+k <ntheni+rn =i+j+k =
rnm+k>nlfj+k>ntheni+rn=i+j+k—n<k<n.

3. Assume thati4+j>nandr+k<n lfj+k<ntheni+r=i+j+k>n.If
jtk>ntheni+rn=i+j+k—n=r+k<n.

4. Assume thati+j >nandr;+k >n. Then j+k = (n—i)+r +k > nand
i+rn=i+j+k—n=r+k>n.

It follows from these four cases that -y, is a 2-cocycle.

Suppose that 7y) and 7y, are cohomologous. Then, there exists a coboundary ¢ : C;, —

A such that 7, (g, ¢/) = fyy(gi,gj)éiéfld_l where & = 6(g") forany 0 < k < n —1.

i+j’
Then
n—1 ) n—1 ) ; n-1 .
A=TT7(e"8) =TTru(e 8)sdf 6.y =u] 6 = uN(6).
=0 i=0 i=0

Let v € Z%(C,, A). Forany i, 0 < i < n —1, define 6 : C, — A by

i—1

5 =6(g') = Ig)'r(g",g)‘l-

By the definition of 2-cocycle, we have

,8) = (v(§,8)¥ (s, g™ (12)

7(8,8)7(g

for all 0 < i,j < n— 1. We can use the last formula again for i, j + 1 to get v(g’, ¢/*!)

and substituting in 12 obtaining

i+j+1
4

v(g,¢h) = (v(g),e))F (v(g T, ) (g, &) (¢, o) (gl g

Notice that, for a fixed i and j, we get that

v, (g, 9) = (v(g, 9)8 (g ¢
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forall 0 < ¢ < n —1. Let r be the remainder when 7 + j are divided by n. By induction,

we can write 7(g', ¢/) as

o n—k—1 ) : o
v8,8) =TI (& 987, 87"
/=0
i—1 ' 1]'71 . i _qr—1 ,
=16 [T (v 8%) T 8)
/=0 (=0 /=0

= 12(8,8")6:(55) (67%).
Define the map A® — H?(G, A) by A — [v,]. Since

n—1 n—1
TT7(8% 97185 8) = Au =TT mu(s" g)
/=0 /=0

we have that [yy7,] = [71,], so the map is a homomorphism of groups. Since every
2-cocycle is cohomologous to a 2-cocycle of the form 7,, we have an epimorphism.
Finally, 7, is cohomologous to 1 if and only if A = N(é;) for some é; € A. Then, the
kernel is im(N).

[l

With this result in mind, we can produce our first example.

Example 3.1.1. Let [F; be a field with 7 elements and let G = C4 = (g) be a cyclic group
with 4 elements. Fix 7 = 4 : C4 X C4 — F7 defined by
o 1, i+j<4
v(8.8) = o
6, i+j]>4
It follows easily that 7y is normalized and every element in G is y-regular. In addition,

notice that the y-regular conjugacy classes are Cx = {X} for x € G.
Example 3.1.2. Let G = C4 X C1p = (g1) X (g2). Consider the following maps 'yél) :

C4 X C4 — F> and ’)féz) : C12 X C12 — Fy given by

o 1, i+j<4
1)/ i
1 (81 81) = o
6, i+j>4.
and
o 1, i+j<12
2) g
’Yé)(gzrg/z) = o
3, i+j>12



3.1 THE NUMBER OF SIMPLE COMPONENTS 51

Let us define v : G x G — F7 by

(8r8% ghe) = 81r8J1 nggjz
It is easy to verify that < is normalized and every element in G is y-regular.

Example 3.1.3. Let G = C; x C¢ = (g1) X (g2) and let F5 be a field with 5 elements. Let
us consider v : G X G — F5 defined by

8182/8]18J2 =47,
Then 7 is normalized and {1, g3, 5} is the set of y-regular elements of G.

A 2-cocycle v € Z%(G,F*) is called a normal cocycle if

1(x,8) = y(xgx~",x)

for all x € G and all y-regular g € G. Notice that a 2-cocycle 7 is normal if and only if
xg% ! = xgx—1for all x € G and all y-regular ¢ € G. The following result shows that

any 2-cocycle is cohomologous to a normal 2-cocycle.

Lemma 3.1.2. [22, Lemma 2.6.2] Any 2-cocycle v € Z*(G,F*) is cohomologous to a normal

cocycle.

We shall use this lemma to work with twisted group algebras in which the 2-cocycle
is normal. For these twisted group algebras we will extend the results about the number

of components in [14]. Let us begin with the following definition.

Definition 3.1.3. Let A be a [F-algebra and let M be a simple left A-module with
dimpM < oco.

1. We say that M is an absolutely simple A-module if for any field extension [E D T,
E ®F M is a simple E ® A-module.

2. We say that a field E D F is a splitting field for A if every left simple [E ® A-module

is absolutely simple.

Let n be a positive integer and let p be either a prime rational integer or zero. Then
n, denotes the p'-part of n if p # 0 and ny =nif p = 0. We also write exp(G) for the
exponent of G.

The following result is an extension of a classic theorem of Brauer to twisted group

algebras.
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Theorem 3.1.4. [23, Theorem 6.2.2] Let IE be an algebraically closed field of characteristic p > 0
and let y € Z*(G,E*) be of finite order n. Assume that IF is a subfield of IE which contains a
root of unity of order m = n.exp(G),y. Then, for any subgroup H of G , IF is a splitting field
for F"H.

Let 7 € Z%(G,F*) be a normal 2-cocycle and ¢ the minimal positive integer k such
that (y(x,y))* =1 forall x,y € G.

Lemma 3.1.5. Considering above notations, if p > 0 then the integers p and ¢ are relatively

prime.

Proof. Assume, by way of contradiction, that p divides ¢. Since v(x,y)" = 1 for all
x,y € G, we have that v(x,y) are roots of the polynomial X’ —1 € F[X] for all x,y € G.
As p is the characteristic of [F, we get that y(x,y), x,y € G, are roots of XP — 1, with
t/p <A O

It follows from this lemma that we may take n = (.e, where ¢ = exp(G), and a
primitive root of unity 6 of order n. By Theorem 1.5.8 we have that F(6)7G is a
semisimple algebra and by Theorem 3.1.4 we have that IF(6) is a splitting field for

F(0)7G. Then, there exist an isomorphism
¥ F(0)'G — @i My, (F(6)) (13)
of IF(0)-algebras.

Example 3.1.4. As in example 3.1.1, let G = C4 = (g) and v = 74 : C4 X C4 — F7. Let

¢ =2,e=exp(G) =4and n = fe = 8. Suppose 6 a primitive n'"

root of unity. Since
=1 =(x+1)(x+6)(x® +1)(x*> +3x + 1)(x*> + 4x + 1), we have F7(f) = Fn. As

x* —6 = (x* +3x 4 1)(x* + 4x + 1), by Proposition 1.4.1, we have

Frlx] .  TFrlx] IF7[x]
(x*—6)  (x2+3x+1)  (x2+4x+1)

F)G = ~F, ¢ Fp
and so, we conclude that

F),G = Fpn ®F, (F)G) = Fp ©Fp & Fp & Fp.

Example 3.1.5. Let G = C4 x Cqp. With the notations of the Example 3.1.2, assume ¢ = 6,
e =12 and n = le = 72. Using SAGE we can decompose in [F7[x]

X% —1 = p(x)(x® 4+ 2) (2 +4) (x® + x> +4) (x® + 223 +3) (x® +5x° +2) (x® + 6x° + 4)
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where the irreducible factors of p(x) have degree less than 6. Since the roots of x® + 2
and x° + 4 are of order 36 in F5 and ®(72) = 24, we conclude that all primitive roots
of unity of order 72 are the roots of O+ +4, 20 +2x3+3, 20 +5x3 +2, 20 + 623 + 4.
Then, the root 8 of x® + x° 4 4 is of order 72 in IF} and so IF7(#) = F.. By Lemma 1.4.2,

we get
76 o (16 7
F;G = (F,* C4) ®F, (F;* Ci2).

(1)
By the previous example ]F;6 Cq4 2 Fn ® F» and since
Frlx] o TFrly] Fy[x]

()
FJ3 Cpp & o
7T 23y T (k4203 42) (26 + 528 +2)

= IF76 @ IF76

we conclude that
F;G = (Fp & Fp) ®F, (Fz @ Fzs) = 8Fy

and so ]F;6G = 72F .

Example 3.1.6. Let G = C; x C4. With the notations as in the example 3.1.3, we can also
write G = H x (g3), where H = (g1,93) = (1) x (g3) = C, x C,. Since 4> = 1(mod 5),
we have
1((8"850)85" (8"8,°)87") = 40 = (g1 3%, 8 8)")
which implies that ¥ = 4 x &, where § = |, ., & € Z%((g5),Fz) and & = 1. Again,
by Lemma 1.4.2, we get
FJG = FIH ®F;, Fs(g3).

If h = g'1g32 € H is §-regular, then 7(h, gflggjz) = 'y(gjlggjz,h) for all j;, jo = 0,1. Then,
42/t — 4172 for all j1,j2 = 0,1, which implies that iyj; = i1j2(mod 2) for all j1,j» = 0, 1.
As the unique possibility is i1 = ip = 0, we conclude that 1 € H is the only y-regular

element of H. By [23, Theorem 8.2.8] we have
FIH = My(Fs).
Putting these two last formulas together, we get
FIG = M(Fs) ®p, (F5 ® Fs) = My(Fs) & Ma(Fs).

Let / =2,e=6,1n = fe =12 and 6 a primitive n'" root of unity. Using SAGE we can

decompose

a=1

2 —1= <ﬁ(x+a)> (P +x+1)(x® +2x +4)(x® +3x +4)(x* +4x +1)
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into irreducible factors in F5[x]. Since FF5(0) = F5. we conclude that
F1,G = My(Fs) & M (Fs) & My (Fs2).

Theorem 3.1.6 ([22], Theorem 6.3, p. 96). Let IF be an arbitrary field, let v € Z>(G,F*) and
let T., be a full set of representatives for the y-regular conjugacy classes of G. For each g € T,
denote by Tq a left transversal for Cc(g) in G and by Cg the y-regular conjugacy class of G
containing g. Then the elements

Ci=) x'gx
XGTg

constitute a F-basis of Z(IF"G). In particular, if vy is a normal cocycle, then the elements

G =13

xeCq
constitute a F-basis of Z(FF7G).

Example 3.1.7. Let G = C; x Cg. With notations of examples 3.1.3 and 3.1.6, suppose
that g = g" géz € G is y-regular. Then (g, g g];) = 4201 = 412 = 7(gj1gjf,g) for all
0<j; <1,0<j, <5. This implies that ipj; = i1jp(mod 2) forall0 < j; < 1,0 < jp <5.
Since the possibilities are iy = 0 and i, = 0,2,4 we conclude that {1,¢3,¢3} is the set of

r-regular elements. It follows from the last theorem that
Cr-1 -8 cf-g
constitute a basis of Z(IF!G). Notice that example 3.1.6 tell us that
Z(FIG) = Z (My(Fs)) ® Z (M2(Fs)) = Fs5 ® Fs
and 3 is, in fact, the dimension of Z(F!G) over Fs.
Example 3.1.8. Let Dg be the dihedral group with 16 elements given by the presentation
(a,bla® = b* = 1,bab = a™1).
We define o : Dg x Dg — F3 by
w(a't!,a"p’) = 2%,
kpt "p" € Dg we have

We claim that a € Zz(Dg, F3). In fact, given x = aibj,y =ab,z=a

a(x,y)a(xy, z) = 262040m and  a(y,z)a(x, yz) = 2fmpitk-m)
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Since jk+ (j+ ¢)m = {m + j(k — m)(mod 2) and the order of 2 € 3 is equal to 2, we
obtain the equality of both equations above and the claim follows.

The centralizer of the elements in Dg are

Ds if (i,j) = (0,0) or (i,j) = (4,0);
Cpy(a'V) = < (a) if (i,j) = (i,0) for i # 4;
(a'b) x (a'™4b) if (i,]) = (i,1).
A direct computation shows that a(a’b/,y) = a(y,a't/) for any y € Cp,(a'b/). Then,
every element of Dg is a-regular. Notice that « is not a normal cocycle because a € Dg
is a w-regular element and a(b,a) =2 # 1 = a(bab, b).
As every element of Dg is a-regular, it follows that the a-regular conjugacy classes of

Dg are the conjugacy classes of G, that is,

{13, {a*}, {a,d"}, {a*,a°}, {a® @},
{b,a®b,a*b,ab}, {ab,a®b,a°b,a’b}.

Let us denote by Tj; the left tranversal of Cp, (a'b!) in Dg. Then
{1} i (i) = (0,0) or (i,]) = (4,0);
T;j = {1,b} if (i,j) = (i,0) for i # 4;
{1,a,a%a®} if (i,j) = (i,1).

It follows from last theorem that

Cop =1

Cop= Y fa(F)! Cyh = fa3(F)~!
teTy teTsg

Ch= Y fa(f)! Cji = fb(F) "
teTyo teTm

Cyp= Y fa2(F)! Cii= Y fab(F)™!
teTyy teTn

constitute a basis of Z(IF5Dg) over Fj.

Recall that e = exp(G), v € Z%(G,F*) isnormal, £ = min{k € N : y(x,y)* =1, x,y €
G}, n = L.e and 6 a primitive root of unity of order n. With the notations of previous
Theorem, the set {C§|g € T, } is a F(6)-basis of Z(IF(0)"G).
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For each ¢ in the Galois group Gal(F(6)/F) and (a3, - - ,a,) in &;_;F(6), we can

define

oy, ,a) = (0(ay), -, 0(ar)).

Set ¥ = o and denote 37 = "), where o'(8) = 6" for o € Gal(IF(6)/F). For
any o € Gal(F(0)/F) denote by r(c) the remainder in the division of m(c) by e and
denote u(c) = m(o) —r(o).

e—1 )
Notice that §° = u(g).1 for each ¢ € G where u(g) = [[(g &')- Since u(g) is a
Z'_

(th root of unity, we can take v(g) € F(0) such that v(g} (g). Since u(o) =

¢
=u
m(c) —r(c) = ej for some positive integer j, we get that v(g)*\?) = v(g)¥ = u(g) € F.
Recall that ¢ : F(6)7G — @[_; M, (IF(#)) is an isomorphism of F(6)-algebras. Let
7+ @i My, (F(0)) — My, (IF(6)) be the projection of the i-th component, 1 < i < r.
We consider T; = m;p, 1 < i <r, the irreducible representations of I[F(6)?G, and yx; the

characters of T;, respectively.

Theorem 3.1.7. For any o € Gal(IF(0)/TF) denote by r(c) the remainder in the division of
m(c) by e and denote y(c) = m(c) — r(c). Then, for each g € T,,

ot (CF) = o()")Ct,,

forall o € Gal(F(0)/T).

Proof. Let Ay, -+, At be the eigenvalues of T;(§) with ¢ € T,. Since §° = u(g)1, we have
(Ti(g))" = Ti(§°) = u(g)I,, where I, is the identity matrix of M, (IF(0)). Then, the
polynomial X° — u(g) € F[X] annihilates T;(g). As the minimal polynomial p(x) of
T;(g) divides X° — u(g) in F[X] and X® — u(g) has no repeated roots, we have that p(x)
has no repeated roots. Furthermore, the elements v(g)0* € F(0), 0 < k < e, are all
roots of X° — u(g), which implies that p(x) splits over F(6). By [20, Theorem 6.6], we



3.1 THE NUMBER OF SIMPLE COMPONENTS

have that T;(g) is diagonalizable and so t = n;. Since p(x) divides X° — u(g), we get
that A; = v(g)@ﬁkf, for some 0 < k; < e. Then

where 0%i"(@) — %i"(?) because e divides u(c) = m(c) — r(0).

On the other hand, if we denote by tr(A) the trace of the square matrix A, then
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Hence o(xi(g)) = 0(8)"“xi(§"")). As Cf € Z(F(6)"G) and T; is a homomorphism,
we have that T;(Cy ) = aly,. Then, x;(CJ) = tr (TKC;)) = ;o implying that T;(Cy) =
(Xi(Cg)/ni)Ini. We conclude that

op(Cy) = a( r m) p(ch)
i=1

oy my(CY)
i=1

— o) 1)

i=1

I
-
X
X
(3
\Ij,
<
e

For each g € T,, we shall call
S = {0(8)"C ) |0 € Gal (E(8)/F), pu(0) = m(c) — ()}
the cyclotomic y-classes of g.

Example 3.1.9. We continue with Examples 3.1.3 and 3.1.6. Since G = C; x Cg = (g1) X
(g2), we have the exponent e = 6 of the group G. It follows from Example 3.1.6 that
IF5(0) = FFs2, where 6 is a root of the irreducible polynomial f(x) = x*> +x + 1 € Fs[x]
and f(x) divides x!* — 1. Then, the Galois group Gal(Fs/Fs) = {Id,c}, where Id
is the identity map of Fs and ¢ : Fs — Fx is defined by o(a + b8) = a + b8° with
a,b € Fs. Since T, = {1, ¢3, g5}, we conclude that the cyclotomic y-classes of G are

S1={1} and S»={3 &}

We have to prove that the elements of S; are central in F'G. We begin with the

following technical result.
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Lemma 3.1.8. If g € G is a y-reqular element and m is a positive integer then

v(h,8") = (8" 1)
forall h € Cg(g).

Proof. We shall proceed by induction on m. If m = 1 then, since g is y-regular, we
obtain (h,g) = (g, h), for all h € Cc(g). Assume that y(h, " 1) = y(¢" 1, h) for
all h € Cg(g). Using the cocycle identity y(x,y)y(xy,z) = v(y,z)y(x,yz) for x = g,
y=g""1,z=h, we get

7(8, 8" (g™ h) = 78" h)v(g, 8" 'h).

Since g is y-regular and ¢" " 'h € Cg(g), we have y(g,¢" 'h) = v(¢" h,g). By the
induction hypothesis (g™ 1, h) = v(h,g"™ ') for all h € C5(g). Then

m—1

v(8, 8" (8" h) = v(h,g" )y (kg™ g).

Again, using the cocycle identity (x,y)y(xy,z) = v(y,z)v(x,yz) for x = h,y = g},
z =g, we get

v(h g™ Vy(hg™ 1, 8) = v(g", g)v(h g™).

m—l) m—1

,g), we conclude that y(h,¢g™) = v(¢", h), for all h € Cs(g).
[

As v(g,8 = (g

Since ¢ € Z%(G,F*), we identify the center Z(IF?G) with the subalgebra of Z(IF(6)?G)
which is obtained by restriction of coefficients, i.e., we identify the center of Z(F7G)
with a subalgebra of Z(IF(0)7G) via the map

! (Z agcgf> = ). aCy.

geT, geT,

Theorem 3.1.9. Let T be the full set of representatives of the cyclotomic y-classes of G, Vg the
IE-linear space of Z(IF7G) spanned by Sq and

A={ac Z(F'G)|c¥(a) = aforall o € Gal(F(6)/F)}.
For o € Z(IF7G), denote by px(x) the minimal polynomial of « over IF. Then

1. Z(F'G) = BgerVy.
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2. The set {ng}eet, withng = Y_ Tand Ty = {g € T : g # 0}, is a F-basis of A.

res,

3. A= {a € Z(F'G)| pa(x) splits over F}.

1. Let m be a positive integer with gcd(m,0(g)) = 1. Then there exist s,t € Z
such that 1 = sm + to(g). If h € Cg(g™) then h™'¢"h = g™, which implies that
g =¢"=h'1¢""hn =h1gh soh € Cs(g). As Cs(g) C Cs(g™), we get that
Cg(g) = C5(¢™). By Lemma 3.1.8 we conclude that g is y-regular. Since for all
o € Gal(IF(0)/[F) it is true that gcd(m(c),0(g)) = 1, we have that ¢” is y-regular
implying that v(g)*() Cg,,(g) is central in IF7G. Then S, C Z(IF?G), which implies
that Vo C Z(F'G). As Vg = Spang(Sg), and UgcrSy is a [F-basis of Z(FF7G), we
get that ©ecrVy C Z(F7G). Since @yerV, and Z(IF7G) are vector spaces of the

same dimension over FF the result holds.

. By definition A C Z(IF"G) and by the first part we already know that Ugc7S, is a

basis of Z(IF7G) over F. Let o = Zag,gv(g)y(‘f) C;r(g) € A, where a4, € F. Then
L0

Z ”g,ov(g )y(g)c-t(a) = 2 “g,tfv(g )ﬂ(w)c-t(m)
8T g 87 &

for every T € Gal(IF(8)/F). Then ag; = aq 1y, for all T € Gal(F(0)/F) and g € T,

which implies that & = ) agiq. Because {1g}eer, = {#g}ger \ {0} and {#¢}qer,
geT

is linearly independent over IF, we get that {#;}4cT, is a basis of A and we are

done.

. Since « € A if and only if ¢¥(a) = « for all ¢ € Gal(IF(9)/TF), we have that

c(¢p(a)) = ¥(a), for all ¢ € Gal(F(0)/F). Then, we conclude that « € A if and
only if (a) € @;_,[F. Because 1 is an isomorphism, we have that « and 1(«) have
the same minimal polynomial, and this polynomial splits over FF if and only if
P(a) € ®;_,F.

[

Definition 3.1.10. The cyclotomic 7y-classes of g, where ¢ € T, are called regqular

cyclotomic -y-classes.

Example 3.1.10. Let G = C; X Cg = (g1) X (g2). With notations of examples 3.1.3, 3.1.6
and 3.1.9, we have by Example 3.1.9 that the cyclotomic y-classes of G are

S = {i} and S; = {g_zz,g_24}.
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Since 77 =1 # 0 and Ngy2 = 2+ H* # 0, we conclude that 1, ¢5 € Ty and by definition,

S1 and S; are regular cyclotomic y-classes.

Since p = char(IF) does not divide |G|, there is an isomorphism
Q: F'G — @:'ﬂ:lMdi(Di)
where m and d; are positive integers and D; is a division algebra over IF, 1 <i < m.

Theorem 3.1.11. The number of simple components of F7G is equal to the number of regular

cyclotomic y-classes of G.
Proof. With the notations above, let IF; be the center of D;, 1 < i < m. We know that
Z(F7G) = @} ,F;. Since ¢ is an isomorphism and A = {a € Z(IF"G)|pa(x) splits over F},
we have
¢(A) = {9(a) € p(Z(FG))|py(a) (x) splits over F} = &L, F.
From part 2 of Theorem 3.1.9, we have that {¢(#¢)}¢cT, is a [F-basis of ¢(A). We
conclude that |Ty| = dimg(¢(A)) = m. O
Example 3.1.11. Let G = Cy x Cg = (¢1) % (g2) and 7 : G X G — F;5 defined by
7(8;1822/8';18]2‘2) — 4bf1
By the last example (Example 3.1.10), we have
Sl = {T} and Sz = {g_zz,g_24}.
and by Example 3.1.6, we have

]FgG = M2(]F5) S MZ(IF52).

Since we are interested in codes in twisted group algebras, we assume that the field IF
and the group G are finite. Then, for some positive integer £, we have that (y(x,y))’ = 1
holds for every 2-cocycle . Let C;, be the cyclic group of order n and F a field with g
elements. By Lemma 3.1.1 we have that H>(C,, F*) = F*/(IF*)" which is a cyclic group
of order k = gcd(q — 1,n).

Finally, we give an important consequence of the Theorem 3.1.11.
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Corollary 3.1.12. Let y be a 2-cocycle in Z*(C,,F*). Then the number of irreducible factors
n—1 )

of the polynomial x" — A € F[x|, where A = []v(g,&'), is equal to the number of regular
i=0

cyclotomic y-classes of Cy,.

Proof. By Lemma 3.1.1 we have that 7 is cohomologous to v, with A € F*. Note that

n—1 . n—1 .
A=]]7(s8)=]]7(gg) Since x" — A is separable, we have
i=0 i=0
FYC, = F1Cy = Flx]/(x" = A) = ©i4 F[x]/ (pi(x)),

,

where x" — A = [ ] pi(x). Since F[x]/(pi(x)) are fields for 1 < i < r, it follows that r is
i=1

the number of simple components of IF7C,, so, using Theorem 3.1.11, we get that r is

the number of regular cyclotomic 7y-classes of C,, and we are done. O

Example 3.1.12. Let [F;7 be the field with 7 elements and C4 the cyclic group of order
4. Then k = |H?(Cy,F3)| = gcd(6,4) = 2. As (F3)* = {1,2}, we have that -y, is not
cohomologous to 71, so, in this case H*(Cy, IF3) = {[11], [76]}. Let 6 be a primitive root
of unity of order 8. Then, the Galois group of IF;(8) over FFy is {I,c’}, where o () = 6.
Note that every element of G is s-regular, because 7 is symmetric. The cyclotomic

Y¢-classes are
S1={1}, Se={3"63}, S;=1{33}
Since 17,2 = §*>+63* = 0and 7, e 7 0 we get that the regular cyclotomic y4-classes

are
S;={1} and S;={33}
Then FJ°Cy4 has two simple components. This agrees with the usual polynomial
approach, because x* —6 = pi(x)pa(x), where pi(x) = x> +3x +1 and pp(x) =
x% + 4x + 1 are irreducible over ;. Thus
Flx] o [Fly]
(xt—6)  (p(x))

F[x]
(pa(x))

@ = ]F72 @ IF72.
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The following result is easy to prove.



3.2 MINIMAL IDEMPOTENTS OF F7C,

Lemma 3.2.1. Let A be a semisimple commutative IF-algebra with unity. Assume that B is a
semisimple subalgebra of A with the same unity and for which every minimal idempotent of B is

a minimal idempotent of A. Then B and A have the same complete set of minimal idempotents.

,
o e . . . . . - {,li . .
Let n be a positive integer with prime factorization n = [ [ p{". Let F be a finite
i=1
tield with g elements and C, = Cpal x -+ x Cpr a cyclic group of order n generated
1

by an element g, where C «; is a cyclic group of order p!’ generated by g; = g" P’ for
1 <i <r. We wish to fmd formulas for the minimal idempotents of a twisted group
algebra F7C,, where ¢ € Zz(Cn, ).

Consider F* as trivial C,-module. From the proof of Lemma 3.1.1, we have that

Yr, Yu € Z%(Cy,F*) are cohomologous if and only if A = A’.N(a) for some a € F,

where N is the norm map. Since the action of C,, in F* is trivial, we have that a8 = a,

forall0 <i<mn-—1,and so,
n—1 .
a) = Hagl =a".
i=0

By [22, Lemma 2.1.1], the C,-graded F-algebras F"*C, and F"VC, are isomorphic, if
and only if v, and 7, are cohomologous. We conclude that F'*C, and F"VC, are
isomorphic as C,-graded [F-algebras if and only if A = /\’ ", for some a € F*. Again by

the proof of Lemma 3.1.1, if v € ZZ(Cn, )and A = H v(g,8"), then

F'C, =2 F"1C,

as C,-graded IF-algebras.

Assume that first r = 2. Set A = AjA; with A, A; € F*. Consider 7, € Zz(Cpg,-,lF*),

with i =1,2. Set ¥ = v,, X 72, € Z*(Cy, F*). Since

n—1 L Pilfl ) sz_l ;
11789 =TT (818 1 7.(s2.8) =AAa=A
k=0 i=0 j=0

we conclude that ¥ is cohomologous to ) € Z?(C,, F*).

Proposition 3.2.2. Let A = AMA, € F*, 4, € Z*(C,, F*) and YA € Z2(Cpqi,]F*), with
i=1,2. Then
TA o ™C . T C .,
F1Cy 2 (F™Cpn ) @ (F2C,).

Proof. Define ¢ : F'*C, — <]F”1C u1> (]F“zc a2> by ¥(3182) = 1 ® $». It is easy to

see that ¢ is an isomorphism of F-algebras and the result follows. O
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Corollary 3.2.3. Let v, € Z*(C,, F*) and 7, € ZZ(Cpg,-,lF*), withi =1,2. If A=A = Ay
then
Ne, = (FC . 0 . NC .
F1Cy = (FCyn ) ©FCpn = FCyn @ (F1Cpar ).
An easy consequence is the next result.
T
Corollary 3.2.4. Let n = [ [ p{". Let v, € Z2(Cy, F*) and 7). € ZZ(Cpqi,lF*),for some

i=1
1 <i<r. Then

NC. o R ne .. . -
F"Cy ¥ FCp @@ (FCpi ) ®- - O FCyg
The following results will be very useful in the sequel.

Theorem 3.2.5. [7, Theorem 3.1] Let A € F* with order e. Then the binomial X' — A is
irreducible in F[X] if and only if the integer t > 2 satisfies the following conditions:

1. gde(t,(g—1)/e) =1;
2. each prime factor of t divides e;
3. if 4|t then 4|(g — 1).

n .
Let f(X),¢(X) € F[X], and let P(X) = ) ¢;X' € F[X] of degree n. Then the
i=0
following composition

n

P(f/g) = g(X)nP(f(X)/g(X)) — Zcif(X)ig(X)n—i

i=0

is again a polynomial in F[X].

Theorem 3.2.6. [7, Theorem 3.7] Let f(X), g(X) € F[X], and let P(X) € F[X] be irreducible
of degree n. Then P(f/g) = §"(X)P(f(X)/g(X)) is irreducible over F if and only if
f(X) — Ag(X) is irreducible over FFyu for some root A € Fyn of P(X).

Let d be an integer and 6, a primitive root of unity of order d. For any integer s
denote by (IF*)(®) the subgroup {a° : a € F*} of IF*. For a positive integer n and A € FF*
we define

Hpg(A) = max {s €N:slnand A € (IF*)(S)} :

Let O4(x) be the multiplicative order of x modulo the positive integer d.
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Theorem 3.2.7. Let v = ) € Z*(Cy, F*) for A € F*. Let h = hyq(A) and A = b", with
b € F*. Denote § = b= 'g"'" and C), = (§). Then, for any d|h, we have

. gde ((n/h), (@2 —1)/d) =1;
2. each prime factor of n/h divides d;
3. if 4|(n/h) then 4|(q%*1) — 1),

where d is the multiplicative order of b8, in IF;O (o), if and only if the set of minimal idempotents
of the twisted group algebra IF"C, coincides with the set of minimal idempotents of the group
algebra FC,.

Proof. Since {§':0 < i <n—1} C F'C, is linearly independent over FF, we have that
Cy, is linearly independent over F. As §" = b~"¢" = A7\ = 1 it follows that ), is a
cyclic group of order h.

Let e be a minimal idempotent of IF C,. By Perlis-Walker Theorem (See [37, Theorem
3.5.4]) we have that (FCy)e L F(6;) for some d|h with ¢(ge) = 6; and P;(X) the
minimal polynomial of ge over F. Now, we wish to prove that (IF"Cy)e is a field.

Consider the homomorphism of F-algebras ¢ : F[X] — (F"C,)e defined by
(X) = ge. Let f3(X) = Py(b~'X""). Then

fa(ge) = Pa(b™'g"""e) = Py(ge) =0

and so, f;(X) € Ker(y). By Theorem 3.2.6, f;(X) is irreducible over F if and only if
bIxMh — g, e F 040 [X] is irreducible, where 6, is a root of Py(X). From Theorem
3.2.5, the polynomial b1 X"/ — 9, = b=1(X"/" — bg,) is irreducible if and only if the
conditions 1, 2 and 3 are satisfied. Then, f;(X) is irreducible if and only if these
conditions holds. Since (IF"C,)e is a field if and only if f;(X) is irreducible, the result
follows. O]

The above theorem is a natural generalization of the following result.

Proposition 3.2.8. [29, Theorem 3.1] Let F = [F(6y), let G = (g) be a cyclic group of order 2"
and let B G be the twisted group algebra of G over F defined by equality §* = A € F*. Let
hug(A) =2°and A = b*, b € F*. Let us denote h = b=1g%"". Then

1. H = (h) is a group of order 2° and the elements of this group are linearly independent
over IF, i.e., the group algebra FH is a subalgebra of F7G.
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2. The set of minimal idempotents of F'G coincides with the set of minimal idempotents of
FH.

For a subset X of the cyclic group C, such that char(IF) does not divide |X|, we shall
denote by X the following element of FC,:

-~ 1
X=— X.
X &,

Let p be a rational odd prime and y = 7, € Zz(Cpm,]F*). Assume that hym(A) = p°,
A = b”, for some b € F*, and the conditions 1, 2 and 3 of the Theorem 3.2.7 holds.

Then, we have the following result.

Theorem 3.2.9. Let
CpsZAODAlD"'DASZ{].}

m—s

be the descending chain of all subgroups of Cps = (g), where § =b"1gF" . If Ops(q) = @(p°)

then the set of minimal idempotents of FYC, are

30:%(2”) (14)

p acAg
and
e=Ai—Ar, 1<i<s. (15)

Proof. By Theorem 3.2.7, the set of minimal idempotents of IF7C,n are the set of minimal
idempotents of IFCps. Since Ops(q) = ®(p°), we have by [39, Theorem 3.5] the formulas
for the idempotents. O

Let A € F* and n a positive integer such that & = h,(A) = 2p°, where p is a rational
odd prime integer. Then, A = b" for some b € FF*.

Theorem 3.2.10. Assume that the conditions 1, 2 and 3 of the Theorem 3.2.7 are satisfied. In
addition, suppose that Ops(q) = ®(p°). Let §1 = b2V, 5 = b P g2 and C; = (§1),
Co = (§2) = {1, %2} Let

CleoDAlD"'DASZ{l}

be the descending chain of all subgroups of C1. Then the complete set of minimal idempotents of
F7C, is {eifj :0<i<s,j=0,1} where

60:%<2a>, fo=%(1+g~z), fi=1-fo (16)

acAg
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and
€ = Ai — Algl, 1 < i <s. (17)

Proof. First notice that C, = C; x Cy, where C, = (§), § = b 1¢"" and |C;| = P,
|C,| = 2. By Theorem 3.2.7, the complete set of minimal idempotents of F7C,, is the
complete set of minimal idempotents of FC;,.

Let FC; & @zt'l:l]Fdi' where d; = [F;. : F], and FC, 2 F®F. Then

FCy = FCy @5 FC, = (9fL,Fy, ) @ (F & F) = 0L, 2F,,

Thus 2t; is the number of minimal idempotents of FC;,. Notice that, if ¢ € FC; and
f € FC, are minimal idempotents, then (IFCy,)ef = (IFC;)e ®F (FC,) f which is a field.
Then, the product of minimal idempotents of IFC; and FC, forms a complete set of
minimal idempotents of FC;,. Since Ops(q) = ®(p°) by [39, Theorem 3.5] we get that
formulas for the minimal idempotents of IFC; and IFC, are given by equations 16 and

17. [

We shall now determine the minimum distance and dimension of minimal codes in
twisted group algebras of cyclic groups of order p™. Let v = ) € Z*(Cpm, F*) with
A € F* and hyn(A) = p°. Suppose that all assumptions of Theorem 3.2.9 are satisfied.
Then, the set of minimal idempotents of IF7C,n is {e; : 0 < i < s} where ¢; are given by
equations 14 and 15.

Note that {¢'g° : 0 < i < p%, 0 < e < p™°} is a basis of F'C, over F. Let T
be a transversal A; 1 in Cpn. As A;_1/A; is a cyclic group of order p we have that
Aj_ 1 =<a;, A; > . Since By = {t(1 — ai)z/ﬁ\i .t € 1;} is a basis of (lFépm)ei over FF ( See

[?, Proposition 2.1] ), we get that
B={vg:veBy) 0<e<p"*}

is a basis of IF"Cyme; over F. Then, we conclude that the minimum distance of IF7C,me;
is

w((F'Cpr )ey) = 2p"~
and the dimension is

dimg ((F7Cpn)e;) = p" @ (p'),

where @ is the Euler’s totient function.
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3.3 AN EXAMPLE

For each positive integer 1, prime power g and A € F*, we shall use the following

function in GAP [17] to compute k;, 4(A).

h:=function(q, n, lambda)

local L1, field, L3, UnitsField, UnitsFd, D, d, i, j;
Li:=[];

tield:=AsList(GF(q));

L3:=[];

UnitsField:=field[2..q];

D:=DivisorsInt(n);

ford in D do

UnitsFd:=[];

foriin [1..(g-1)] do

Add(UnitsFd, UnitsField[i]Ad);

od;

Add(L1, UnitsFd);

od;

for j in [1..Length(D)] do

if lambda in L1[j] and lambda in field then Add(L3, DIj]); fi;
od;

return Maximum(L3);

end;

For any a € F* denote by o(a) the multiplicative order of a. Now, we shall proceed

with the examples.

Example 3.3.1. Let n = 65, C, = (), ¢ = 27 and let A be a generator of F*. Then,
h = hes27(A) =5 and n/h = 13. Since 1 = 26 + (—5).5 and —5 = 21 (mod 26), we have
that b = A?! satisfies A = b°.

If d = 1 then d = o(b) = 26. The conditions of Theorem 3.2.7 are satisfied:

1. gdc ((n/h) , (qu(q) — 1)/J> =gdc(13,(27 - 1)/26) = 1;

2. each prime factor of n/h = 13 divides d = 26;
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3. This condition is trivially true, because 4 1 13.
If d = 5 then d = 0(bf5) = 130. Again, the conditions of Theorem 3.2.7 are satisfied:
1. gdc ((n/h) (g% — 1)/5) = ¢dc(13, (274 — 1)/130) = gdc(13,4088) = 1;
2. each prime factor of n/h = 13 divides d = 130;
3. This condition is trivially true, because 4 1 13.

By Theorem 3.2.7, we conclude that the minimal idempotents of IF)7 Ce5 are the minimal

idempotents of IF7(g), where § = A°¢'. Since (§) is cyclic of order 5, we have that

4 4
eo=(1/2) Y (A°¢"%)* and e =1-(1/2) ¥ (A5g"%)*
k=0 k=0

are the minimal idempotents of IF;? Ces.
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